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ABSTRACT 

We systematically stndy snpersymmetric embeddings of D-brane probes of different dimen¬ 
sionality in the AdS's x backgronnd of type IIB string theory. The main techniqne 
employed is the kappa symmetry of the probe’s worldvolnme theory. In the case of D3- 
branes, we recover the known three-cycles dnal to the dibaryonic operators of the gange 
theory and we also hnd a new family of snpersymmetric embeddings. The BPS flnctnations 
of dibaryons are analyzed and shown to match the gange theory resnlts. Snpersymmetric 
conhgnrations of D5-branes, representing domain walls, and of spacetime hlling D7-branes 
(which can be nsed to add flavor) are also fonnd. We also stndy the baryon vertex and some 
other embeddings which break snpersymmetry bnt are nevertheless stable. 
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1 Introduction 


The Maldacena conjecture provides a unique window into the strongly coupled physics of 
gauge theories in terms of a string theory Da- A crucial ingredient in the AdS/CFT 
correspondence is the state/operator correspondence. It provides the basis for explicit com¬ 
putations. Calculationally, it is convenient to consider the limit of large ’t Hooft coupling 
where the supergravity approximation is valid. More precisely, chiral operators of the CFT 
are in correspondence with the modes of supergravity in the dual background. However, 
much information is contained in the stringy sector of the correspondence and some of it 
crucially survives the large’t Hooft limit. 

For example, as discovered by Witten [21 in discussing the duality in the case of A/” = 4 
super Yang-Mills (SYM) theory with gauge group SO{2N) and its dual AdS^ x MP^, the 
gravity side must contain branes, just to accommodate a class of chiral operators of the 
gauge theory. The study of branes wrapped in the gravity theory becomes an intrinsic part 
of the correspondence. It has been extended and understood in a variety of situations. For 
example, a vertex connecting N fundamental strings -known as the baryon vertex- can be 
identified with a baryon built out of external quarks, since each string ends on a charge in 
the fundamental representation of SU{N). Such an object can be constructed by wrapping 
a D5-brane over the whole five-dimensional compact manifold [3] . Also, domain walls in the 
field theory side can be understood as D5-branes wrapping 2-cycles of the internal geometry 
PHI- In quantum field theories that arise in D3-branes placed at conical singularities, an 
object of particular interest is given by D3-branes wrapped on supersymmetric 3-cycles; 
these states are dual to dibaryons built from chiral fields charged under two different gauge 
groups of the resulting quiver theory isnuEiini- In the absence of a string theory formulation 
on backgrounds with Ramond-Ramond forms, probe D-branes of various dimensions provide 
valuable information about the spectrum. More generally, hnding particular situations where 
a semiclassical description captures nontrivial stringy information is an important theme of 
the AdS/CFT correspondence recently fueled largely by BMN in [2j, but having its root in 
the work of Witten j3] and in considerations of the Wilson loop as a classical string in the 
supergravity background jS]. 

Given a Sasaki-Einstein five-dimensional manifold one can consider placing a stack 

of N D3-branes at the tip of the (Calabi-Yau) cone over X^. Taking the Maldacena limit 
then leads to a duality between string theory on AdS^ x X® and a superconformal gauge 
theory living in the worldvolume of the D3-branes [S]. When the Sasaki-Einstein manifold 
is the space -the Calabi-Yau cone being nothing but the conifold- we have the so-called 
Klebanov-Witten model HDl, which is dual to a four-dimensional M = 1 superconformal 
held theory with gauge group SU{N) x SU{N) coupled to four chiral superhelds in the 
bifundamental representation. Important aspects of this duality, relevant in the context of 
this article, have been further developed in HEmn. The supersymmetry of D-brane probes 
in the Klebanov-Witten model was studied in full detail in ref. jl2j. 

Recently, a new class of Sasaki-Einstein manifolds p and q being two coprime positive 
integers, has been constructed HSlIIll. The inhnite family of spaces was shown to be 
dual to superconformal quiver gauge theories [THl ITB] . The study of AdS/CFT in these 
geometries has shed light in many subtle aspects of superconformal held theories in four 
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dimensions. Furthermore, the correspondence successfully passed new tests such as those 
related to the fact that the central charge of these theories, as well as the R-charges of the 
fundamental helds, are irrational numbers HZI. 

In this paper we perform a systematic classihcation of supersymmetric branes in the 
AdS^ X geometry and study their held theoretical interpretation. It is worth reminding 
that the spectrum of IIB supergravity compactihed on is not known due to various 
technical difficulties including the general form of Heun’s equation. Therefore, leaving aside 
the chiral primaries, very little is known about the gravity modes dual to protected operators 
in the held theory. Our study of supersymmetric objects in the gravity side is a way to obtain 
information about properties of these operators in the gauge theory side. They comprise 
interesting physical objects of these theories such as the baryon vertex, domain walls, the 
introduction of havor, fat strings, etc. It is very remarkable that we are able to provide precise 
information about operators with large conformal dimension that grows like N. Moreover, 
we can also extract information about excitations of these operators. 

The main technique we employ to determine the supersymmetric embeddings of D-brane 
probes in the AdS^ x background is kappa symmetry ^H] and follows the same system- 
atics as in the analysis performed in ref. ca for the case of the AdS^ x background. Our 
approach is based on the existence of a matrix T^, which depends on the metric induced on 
the worldvolume of the probe and characterizes its supersymmetric embeddings. Actually, if 
e is a Killing spinor of the background, only those embeddings such that T^ e = e preserve 
some supersymmetry ng. This kappa symmetry condition gives rise to a set of hrst-order 
BPS differential equations whose solutions, if they exist, determine the embedding of the 
probe and the fraction of the original background supersymmetry that it preserves. The con- 
hgurations found by solving these equations also solve the equations of motion derived from 
the Dirac-Born-Infeld action of the probe and, actually, we will verify that they saturate a 
bound for the energy, as it usually happens in the case of worldvolume solitons [20] • 

The hrst case we study is that of D3-branes. We are able to hnd in this case the three- 
cycles introduced in refs. unmsiini to describe the different dibaryonic operators of the 
gauge theory. Moreover, we also hnd a general class of supersymmetric embeddings of the 
D3-brane probe characterized by a certain local holomorphicity condition. Contrary to what 
happens in the case of T^’^, globally it turns out that these embeddings, in general, do 
not dehne a three-cycle but a submanifold with boundaries. We also study the huctuations 
of the D3-brane probe around a dibaryonic conhguration and we successfully match the 
emerging results with those of the corresponding quiver theory. We also hnd stable non¬ 
sup ersymmetric conhgurations of D3-branes wrapping a two-dimensional submanifold of 
that dehne a one dimensional object in the gauge theory that could be interpreted as a 
fat string. 

Our analysis continues with the study of D5-brane probes. We hnd embeddings in which 
the D5-brane wraps a two-dimensional submanifold and creates a domain wall in AdS^. 
When crossing these domain walls the rank of the gauge group factors of the quiver gets 
shifted jlj, this leading to their identihcation as fractional branes [221 • We also study other 
stable conhgurations that break supersymmetry completely but are nevertheless interesting 
enough. One of these conhgurations is the baryon vertex, in which the D5-brane wraps 
the entire Y^’'^ space. Besides, we also consider the case of D5-branes wrapping a two- 
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dimensional submanifold when a nonvanishing worldvolume flux is present as well as the 
setting with D5-branes on three-cycles of 

Finally we turn to the case of D7-brane probes. According to the original proposal of 
ref.[2H]5 the embeddings in which the D7-branes £11 completely the gauge theory directions 
are specially interesting. These spacetime filling configurations can be used as flavor branes, 
i.e. as branes whose fluctuations can be identified with the dynamical mesons of the gauge 
theory (see refs. El-ESl for the analysis of the meson spectrum in different theories). More¬ 
over, we show that the configurations in which the D7-brane wraps the entire are also 
sup er symmet r ic. 

The organization of the paper is as follows. In section |21 we review some properties of the 
space and the corresponding Calabi-Yau cone that we call CY^'^, including the local 
complex coordinates of the latter. We discuss the corresponding type IIB supergravity solu¬ 
tion and present the explicit form of its Killing spinors. We also present the general condition 
satisfied by supersymmetric embeddings of D-brane probes on this background. Section El 
discusses embeddings of D3-branes on various supersymmetric cycles. We reproduce the 
three-cycles considered previously in the literature and find a new family of supersymmetric 
embeddings. Section El also contains an analysis of the excitations of wrapped D3-branes 
and we find perfect agreement with the corresponding field theory results. Section E] deals 
with supersymmetric D5-branes which behave as domain walls, while in section El we discuss 
the spacetime filling embeddings of D7-branes. For completeness, we consider other possible 
embeddings, such as the baryon vertex, in section El We conclude and summarize our results 
in section 0 

2 The space and brane probes 

Let us consider a solution of IIB supergravity given by a ten-dimensional space whose metric 
is of the form: 

ds^ = + L'^ dsyp^g ( 2 . 1 ) 

where ds\^g^ is the metric of AdS^ with radius L and dsyp^q is the metric of the Sasaki- 
Einstein space which can be written as naini: 

dsyv^q = ^ {dO"^ + siiA 9 d(j)^) + I dy"^ + ^ {d/3 - ccosOdcj))"^ 

0 bH^[y) 0 

Y-ld^p + cos6*(i0 -|- y{dj3 — ccos0(70)]^ , (2.2) 

9 

H{y) being given by: 

^ /a - 3|/2 + 2 c2/3 

= V 3(1-0,) ■ 

The metrics dsyp,, are Sasaki-Einstein, which means that the cones with metric -|- 

r^dsyp.q are Calabi-Yau manifolds. The metrics in these coordinates neatly display some 
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( 2 . 4 ) 


nice local features of these spaces. Namely, by writing it as 


ds^ 




= dsl 


+ 


n 2 


-dilj + a 


it turns out that ds^ is a Kahler-Einstein metric with Kahler form J 4 = ^da. Notice that 
this is a local splitting that carries no global information. Indeed, the pair {dsl, J 4 ) is not 
in general globally dehned. The Killing vector has constant norm but its orbits do not 
close (except for certain values of p and q, see below). It dehnes a foliation of whose 

transverse leaves, as we see, locally have a Kahler-Einstein structure. This aspect will be 
important in later discussions. 

These Y^’'^ manifolds are topologically x and can be regarded as U{1) bundles over 
manifolds of topology x S^. Its isometry group is SU{2) x Notice that the metric 

(Q depends on two constants a and c. The latter, if different from zero, can be set to one 
by a suitable rescaling of the coordinate y, although it is sometimes convenient to keep the 
value of c arbitrary in order to be able to recover the geometry, which corresponds to 
c = 0 If c 7 ^ 0, instead, as we have just said we can set c = 1 and the parameter a can be 
written in terms of two coprime integers p and q (we take p > q) as follows: 


a 


1 

2 4p3 


\/ 4p2 — . 


(2.5) 


Moreover, the coordinate y ranges between the two smaller roots of the cubic equation 
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Q{y) = a-3y^ + 2cy^ = 2c J] (p - y,) , (2.6) 

i=l 

he. yi < y < y 2 with (for c = 1 ): 

yi = ^ (2P - 3^ - V j < 0, 

P2 = ^ (2p + 3g - VV - 3g2) > 0 . (2.7) 

In order to specify the range of the other variables appearing in the metric, let us introduce 
the coordinate a by means of the relation: 


f3 = —(6q: + ajj) ■ 

Then, the coordinates d,cl),'ip and a span the range: 


( 2 . 8 ) 


^ < 9 < t: , O<0<27r, 0<V’<27r, 

where £ is (generically an irrational number) given by: 


0 < a < 2'n£ , 


1 / 12/2 3g^ — 2p2 -I- p-^4p2 — 3g2 


( 2 . 9 ) 


( 2 . 10 ) 


^If c = 0, we can set a = 3 by rescaling y £y, (3 —>■ £, ^/3, and a If we further write y = cosO 

and (3 = (j), and choose the period of £) to be 47r, the metric goes to that of T^’^. 
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the metric (Q being periodic in these variables. Notice that, whenever c 7 ^ 0, the coordinate 
(3 is non-periodic: the periodicities of xjj and a are not congruent, unless the manifold is quasi¬ 
regular, he., there exists a positive integer k such that 

= 4p2 _ 3^2 _ ('2.11) 

For quasi-regular manifolds, ds\ in (Q corresponds to a Kahler-Einstein orbifold. Notice 
that ^ becomes rational and it is now possible to assign a periodicity to "0 such that (3 ends 
up being periodic. If we perform the change of variables (EHD in (E3), we get 

ds\p,q = ^ {dO'^ + siv?6d4>^) + I dy'^ + {d^j + cos Odcj)^ + 

b bH^[y) 9 


-|- w{y) [da -|- f{y) {dip -|- cos 6d(j)) 
with v{y), w{y) and f{y) given by 


v{y) = 


a — 3?/^ -I- 2cy^ 
a-y"^ 


w{y) = 


2{a-y^) 

l-cy 


fiy) = 


ac — 2y + y^c 
6 (a-|/2) 


( 2 . 12 ) 


(2.13) 


Concerning the AdS^ space, we will represent it by means of four Minkowski coordinates 
x" {a = 0,1, 2, 3) and a radial variable r. In these coordinates, the AdS^ metric takes the 
standard form: 


ds 


AdSs 


r 2 

— — -1- _ (jA 

- j^2 2 


(2.14) 


The ten-dimensional metric (ED) is then a solution of the equations of motion of type IIB 
supergravity if, in addition, we have N units of flux of the self-dual Ramond-Ramond hve- 
form This solution corresponds to the near-horizon region of a stack of N coincident 
D3-branes extended along the Minkowski coordinates and located at the apex of the CY^’'^ 
cone. The explicit expression of is: 


gs F^^'* = d'^x /\dh ^ + Hodge dual , 


(2.15) 


where h{r) is the near-horizon harmonic function, namely: 

h{r) = ^ . (2.16) 

The quantization condition of the flux of F^^'> determines the constant L in terms of Qs, N, 
a' and the volume Vol(y^’'^) of the Sasaki-Einstein space: 






Vol(F' 




gsN{a') 


/\2 


(2.17) 


where Vol(y^’'^) can be computed straightforwardly from the metric ()2.2|) . with the result 
(for c = 1 ): 


VoKE^’") 


2p + \/ 4p2 — 3g2 
3p2 3g2-2p2+j9^4p2-3g2 


(2.18) 
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2.1 Quiver theories for spaces 

The gauge theory dual to IIB on AdS^ x is by now well understood. Here we quote 
some of the results that are directly relevant to our discussion. We follow the presentation 

of ref. [TT)] . 

The quivers for can be constructed starting with the quiver of Y^'^ which is naturally 
related to the quiver theory obtained from C^/Z 2 p. The gauge group is SU{N)‘^p and the 
superpotential is constructed out of cubic and quartic terms in the four types of bifunda¬ 
mental chiral fields present: two doublets 17“ and and two singlets Y and Z of a global 
S[/(2). Namely, 

tv = Y toMC'fr/U-i + ^ (2,19) 

i=l i=g+l 

Greek indices a, 13 = 1,2 are in SU{2), and Latin subindices i,j refer to the gauge group 
where the corresponding arrow originates. Equivalently, as explained in IZQ. the quiver 
theory for can be constructed from two basic cells denoted by a and r, and their mirror 
images with respect to a horizontal axis, a and f (see FigH)). Gluing of cells has to respect 
the orientation of double arrow lines corresponding to the U helds. For example, the quiver 
y4,2 jg gjygj^ py (jg-T-y. More concrete examples and further discussion can be found in 

[isiini- 

Here we quote a result of [1^] which we will largely reproduce using a study of wrapped 
branes. The global 17(1) symmetries corresponding to the factors appearing in the isometry 
group of the manifold are identified as the R-charge symmetry U{1)r and a flavor 
symmetry U{1)f. There is also a baryonic 17(1)^ that becomes a gauge symmetry in the 
gravity dual. The charges of all fields in the quiver with respect to these Abelian symmetries 
is summarized in Table ^ 


Field 

number 

R — charge 

U(1)b 

U(1)f 

Y 

p + q 

-4p2+3g2+2pg+(2p-g)^4p2_3g2 

p-q 

-1 

3ij2 

Z 

p-q 

-4p‘^+3q‘^-2pq+{2p+q)^/4p'2-3q^ 

p + q 

+ 1 

3q^ 

f/“ 

P 

2p(2p-\/4p2_3g2) 

3ij2 

-P 

0 


q 

3ij—2p-|- •^4p2—3 (j2 

3q 

q 

+1 


Table 1: Gharges for bifundamental chiral helds in the quiver dual to jlfij . 
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Figure 1: The basic cells a (upper left) and r (upper right). YP’‘^ quivers are built with q a 
and p — q T unit cells. The cubic terms in the superpotential come from closed loops 

of the former and the quartic term arises from the latter. The quiver for is given by 
aarf (bottom). 


It is worth noting that the above assignment of charges satishes a number of conditions. 
For example, the linear anomalies vanish TtU{1)b = Trf/(l)i? = 0, as well as the cubic 
t’ Hooft anomaly Trf/(1)^. 


2.2 Complex coordinates on 


We expect some of the supersymmetric embeddings of probes that will be studied in the 
present paper to be related to the complex coordinates describing The relevant 

coordinates were introduced in ^3]. (Here we follow the notation of |S1]-) The starting 
point in identifying a good set of complex coordinates is the following set of closed one-forms 


V = 


T] = 


V = 


sin^ 


dO — id4> , 


dy 


i{d(3 — ccos Odcf)) , 


H{y? 

dv 

3- \- i[dip + cosddcf) + y{dl3 — ccosOdcf))] , 


( 2 . 20 ) 


in terms of which, the metric of CY^’^ can be rewritten as 


ds^ = Y ^^ + |?7T + ^ Ifr • (2.21) 

Unfortunately, rf and fp" are not integrable. It is however easy to see that integrable one- 
forms can be obtained by taking linear combinations of them: 


rf = rf + c cos 0 rj^ , rf = rf + cos 6 rj^ + y rf . 


( 2 . 22 ) 
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We can now define rj^ = dzijZi for i = 1, 2, 3, where 


Q 

zi = tan - , 


^ (sing)'^ 

flip) 


Z3 


sin 6 

f2iy) 




(2.23) 


with fiiy) and f 2 iy) being given by: 

My) = exp ^ """"P (/ 

By nsing the form of H{y) written in ea. (l2.3ll it is possible to provide a simpler expression 
for the fnnctions fi{y), namely: 


flip) 

1 

hip) 


= yip-Pi)^^ iP2-p)^^ iP3-p)^^ , 

= V Qip) = ^ Viy- Pi) iP2 - P) iP3 - p) , 


(2.25) 


where Qiy) has been dehned in (I 2 .ti|) . yi and j /2 are given in eq. (EZl) and j /3 is the third 
root of the polynomial Qiy) which, for c = 1 , is related to yi ^2 as 1/3 = | — |/i — y 2 - The 
holomorphic three-form of CY^’^ simply reads 


n = 


18 





sin^ h /\7f /\ rf 


1 dzi A dz2 A dz3 
18^/3 2:1^2 


(2.26) 


Notice that coordinates zi and Z 2 are local complex coordinates on the transverse leaves of 
fl2.4jl with Kahler-Einstein metric ds\. They are not globally well-defined as soon as Z 2 
is periodic in (3 -which is not a periodic coordinate. Besides, they are meromorphic fnnctions 
on CYP''^ (the fnnction zi is singnlar at 6 * = tt while Z 2 has a singnlarity a.t y = yi). A set of 
holomorphic coordinates on Y^''^ was constrncted in j35j . 


2.3 Killing spinors for AdS^ x 

The AdS^ x backgronnd preserves eight snpersymmetries, in agreement with the M = 1 
snperconformal character of the corresponding dnal held theory, which has fonr ordinary 
snpersymmetries and fonr snperconformal ones. In order to verify this statement, and for 
later nse, let ns write explicitly the form of the Killing spinors of the backgronnd, which 
are determined by imposing the vanishing of the snpersymmetric variations of the dilatino 
and gravitino. The resnlt of this calcnlation is greatly simplihed in some particnlar basis of 
frame one-forms, which we will now specify. In the AdS^ part of the metric we will choose 
the natnral basis of vielbein one-forms, namely: 

= I dx" , (a = 0,1,2,3), A = -. (2.27) 

L r 
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Moreover, in the directions we will use the following frame: 


e = — 


VQH{y) 


dy , 


=- ■j= H{y) {dj3 — c cos 9 d(j)) , 


v/6 


e = 


e = 


76 


71 - cydO , 


—= \Jl — cy sin 6 d(j), 

76 


= — {dxjj + y d(3 + {1 — cy) cos 9 d(()) 


(2.28) 


In order to write the expressions of the Killing spinors in a compact form, let us define the 
matrix F* as: 

(2.29) 


r^, = iv■ 


Then, the Killing spinors e of the AdS^ x background can be written in terms of a 
constant spinor 77 as 


- + (1 + r*)) 77. 


The spinor rj satishes the projections : 

ri2?? = -iy , 


r34h = 7 , 


(2.30) 


(2.31) 


which show that this background preserves eight supersymmetries. Notice that, since the 
matrix multiplying y in eq. (j2.3()j) commutes with ri 2 and r 34 , the spinor e also satisfies the 
conditions (j23ID, t.e.: 

T 126 = —ie , r 34 e = 76 . (2.32) 

In eq.(j23ni) we are parameterizing the dependence of e on the coordinates of AdS^ as in 
ref.[ 2 S]- In order to explore this dependence in detail, it is interesting to decompose the 
constant spinor y according to the different eigenvalues of the matrix T*: 

T^y± = ±y± . (2.33) 


Using this decomposition we obtain two types of Killing spinors: 

gab g_ _ .gl/2 ^ 


IV’ 


_ .^- 1/2 


e 2 6 + = r 


y+ + 


^ 1/2 

1 a 


TrX°‘Txc^y+ . 


(2.34) 


^Note that this spinor differs from the one of m by a rotation generated by e 2V’r34_ xpjg rotation 
accounts for the difference between both frames. 
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The four spinors e_ are independent of the coordinates x" and r*e_ = —e_, whereas the 
e+’s do depend on the x"’s and are not eigenvectors of T*. The latter correspond to the four 
super conformal supersymmetries, while the e_’s correspond to the ordinary ones. Notice also 
that the only dependence of these spinors on the coordinates of the space is through 
the exponential of the angle '0 in eq. (ESI- 

In addition to the Poincare coordinates (x“,r) used above to represent the AdS^ metric, 
it is also convenient to write it in the so-called global coordinates, in which takes the 

form: 


ds 


2 

AdSz 




— cosh^ p dr^ -I- dp^ + sinh^ p dVt\ , 


(2.35) 


where dVL\ is the metric of a unit three-sphere parameterized by three angles (a^, a^): 


dVt\ = {da^Y + sin^ ^ -|- sin^ j , (2.36) 


with 0 < < TT and 0 < < 2tt. In order to write down the Killing spinors in these 

coordinates, we will choose the same frame as in eq. for the part of the metric, 

while for the AdS^ directions we will use: 


= L cosh p dr , = Ldp , 


e“ = L sinh p da^ , 
e“^ = L sinh p sin da^ , 

= L sinh p sin sina^da^ . (2.37) 

If we now dehne the matrix 

7 * = r^rpr„ia2„3, (2.38) 

then, the Killing spinors in these coordinates can be written as |H7|: 

12 3 

e = e“* 2 '"pT'* 2 g-—^ 0 , 2^1 g rj ^ (2.39) 

where p is a constant spinor that satishes the same conditions as in eq. (lOTT) . 


2.4 Supersymmetric probes on AdS^ x 

In the remainder of this paper we will consider Dp-brane probes moving in the AdS^ x 
background. If (p = 0,---,p) are a set of worldvolume coordinates and denote 
ten-dimensional coordinates, the embedding of the brane probe in the background geometry 
will be characterized by the set of functions X^{Y), from which the induced metric on the 
worldvolume is determined as: 


g^J,u — dfiX^ dyX^ Gmn , 


(2.40) 
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where Gmn is the ten-dimensional metric. Let e— be the frame one-forms of the ten¬ 
dimensional metric. These one-forms can be written in terms of the differentials of the 
coordinates by means of the coefficients E^: 

eM ^ E^dX^ . (2.41) 

From the F'^’s and the embedding functions we define the induced Dirac matrices 

on the worldvolume as: 

-i, = d.X^E^V^, (2.42) 

where Fjv are constant ten-dimensional Dirac matrices. 

The supersymmetric embeddings of the brane probes are obtained by imposing the kappa- 
symmetry condition: 

r.e = e, (2.43) 

where e is a Killing spinor of the background and T^ is a matrix that depends on the 
embedding. In order to write the expression of T^ for the type IIB theory it is convenient 
to decompose the complex spinor e in its real and imaginary parts, ei and 62 . These are 
Majorana-Weyl spinors. They can be subsequently arranged as a two-dimensional vector 

e = ei + ie2 <—^ • (2.44) 

The dictionary to go from complex to real spinors is straightforward, namely: 


e* <—>■ Ts e , ie* <—>• Tie , ie <—>■ — ir 2 e , (2-45) 


where the r* {i = 1,2,3) are nothing but the Pauli matrices. If there are not worldvolume 
gauge fields on the D-brane, the kappa symmetry matrix of a Dp-brane in the type IIB 
theory is given by |18j : 


T., = 




gW-Mp+l 0 7w-Mp+l > 


(2.46) 


where g is the determinant of the induced metric and denotes the antisym¬ 
metrized product of the induced Dirac matrices (EH- To write eq. we have assumed 

that the worldvolume gauge field A is zero. This assumption is consistent with the equations 
of motion of the probe as far as there are no source terms in the action which could induce 
a non-vanishing value of A. These source terms must be linear in A and can only appear 
in the Wess-Zumino term of the probe action, which is responsible for the coupling of the 
probe to the Ramond-Ramond fields of the background. In the case under study only E^^^ 
is non-zero (see eq. (j2.15p ) and the only linear term in A is of the form J A A E^^\ which is 
different from zero only for a D5-brane which captures the flux of E^^\ This only happens 
for the baryon vertex configuration studied in subsection 16.51 In all other cases studied in 
this paper one can consistently put the worldvolume gauge field to zero. Nevertheless, even 
if one is not forced to do it, in some cases we can switch on the field A to study how this 
affects the supersymmetric embeddings. In these cases the expression (ITiHll for T^ is no 
longer valid and we must use the more general formula given in ref. |IS|. 
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The kappa symmetry condition T^ e = e imposes a new projection to the Killing spinor 
e which, in general, will not be compatible with those already satisfied by e (see eq. 

This is so because the new projections involve matrices which do not commute with those 
appearing in (ESS). The only way of making these two conditions consistent with each other 
is by requiring the vanishing of the coefficients of those non-commuting matrices, which will 
give rise to a set of first-order BPS differential equations. By solving these BPS equations 
we will determine the supersymmetric embeddings of the brane probes we are looking for. 
Notice also that the kappa symmetry condition must be satisfied at any point of the probe 
worldvolume. It is a local condition whose global meaning, as we will see in a moment, has to 
be addressed a posteriori. This requirement is not obvious at all since the spinor e depends 
on the coordinates (see eqs. (irmni and (ESI). However this would be guaranteed if we 
could reduce the P^ e = e projection to some algebraic conditions on the constant spinor rj 
of eqs. (ITTinil and (imnn . The counting of solutions of the algebraic equations satisfied by rj 
will give us the fraction of supersymmetry preserved by our brane probe. 


3 Supersymmetric D3-branes on AdS^ x 


Let us now apply the methodology just described to find the supersymmetric configurations 
of a D3-brane in the AdS^ x background. The kappa symmetry matrix in this case can 
be obtained by putting p = 3 in the general expression duni): 


r. = 


4 !\/^ 




7 /. 


l'"/44 ) 


(3.1) 


where we have used the rule fj2.45j) to write the expression of P^ acting on complex spinors. 
Given that the space is topologically S'^xS^, it is natural to consider D3-branes wrapping 
two- and three-cycles in the Sasaki-Einstein space. A D3-brane wrapping a two-cycle in Y^’'^ 
and extended along one of the spatial directions of AdS^ represents a fat string. We will study 
such type of configurations in sect ion IHl where we conclude that they are not supersymmetric, 
although we will find stable non-supersymmetric embeddings of this type. 

In this section we will concentrate on the study of supersymmetric configurations of D3- 
branes wrapping a three-cycle of These objects are pointlike from the gauge theory 

point of view and, on the field theory side, they correspond to dibaryons constructed from the 
different bifundamental fields. In what follows we will study the kappa symmetry condition 
for two different sets of worldvolume coordinates, which will correspond to two classes of 
cycles and dibaryons. 


3.1 Singlet supersymmetric three-cycles 

Let us use the global coordinates of eq. to parameterize the AdS^ part of the metric 

and let us consider the following set of worldvolume coordinates: 

e=(r,0,0,/3), (3.2) 
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and the following generic ansatz for the embedding: 


2 /= 

The kappa symmetry matrix in this case is: 

_ coshp 

^ K ^ - — -L T • 


(3.3) 


(3.4) 


The indnced gamma matrices along the 9, 0 and (3 directions can be straightforwardly 
obtained from (EUl), namely: 


1 yjl-cy , 1 , T- 

Tie = 7 =— Ts + -^pe^5 


L 

1 


-70 = 


76 

cH cos 9 


TsT 


y/QH 
71 - cy . 


2/e hi, 


76 


76 


sm 6 'r 4 + ^ (00 + (1 - cy) cos9) Tg- ^—y^Ti, 


V6H 




(3.5) 


where the snbscripts in y and 0 denote partial differentiation. By nsing this resnlt and the 
projections the action of the antisymmetrized prodnct 'yo^p on the Killing spinor e 

reads: 


~ 7 e 0/3 e — [nsTg + fliTi + osT 3 + 0335 ri 35 ] e , 

where the coefficients on the right-hand side are given by: 


(3.6) 


(25 - - 

^ 18 


(2/ + i^y) [(1 - cy) sin^ cy0cos9] + 


[00 (1 - cy) cos 9] ye - 002/0 - c cos 9'ipeyy 


^-cy . aiVy -0-1 

“ “"iTT • 


as ^ - yy \y^ + cmaOyg - zsin^ye] , 


0135 — 


676 

71 - cy 
18 


sin 9 

~ir 


[^eyp - {y + 'tpy)ye] + hf[00 + (1 + C 0 ^) cos^] -h 


H L 


(00 + (1 - cy) cos9)yp - {y + ipp) y^ 


— iH sin 9'ipe 


(3.7) 


As discnssed at the end of section 2 , in order to implement the kappa symmetry projection 
we mnst reqnire the vanishing of the terms in dSH) which are not compatible with the 
projection ()2.32j) . Since the matrices Ti, Ts and Tisg do not commnte with those appearing 
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in the projection (ESI, it follows that we must impose that the corresponding coefficients 
vanish, he.: 

Oi = Os = ai35 = 0 . (3-8) 

Let us concentrate first on the condition ai = 0. By looking at its imaginary part: 


H{y) = 0 , 

(3.9) 

which, in the range of allowed values of p, means: 


p = Pi , or p = P2 • 

(3.10) 

If Hiy) = 0, it follows by inspection that ai = 03 = 0335 = 0. 
arbitrary function. Moreover, one can check that: 

Notice that "0 can be an 

~ coshp ^5\bps ■ 

(3.11) 

Thus, one has the following equality: 


~ e , 

(3.12) 

and, therefore, the condition F^e = e becomes equivalent to 


F.rF5e = e . 

(3.13) 


As it happens in the case ^2], the compatibility of (IXTSl) with the AdS^ structure of 
the spinor implies that the D3-brane must be placed at p = 0, he. at the center of AdS^. 
Indeed, as discussed at the end of section |21 we must translate the condition (ixni) into a 
condition for the constant spinor p of ea. (j2.39|l . Notice that Lt-Ls commutes with all the 
matrices appearing on the right-hand side of eq. except for Lpy*. Since the coefficient 

of Lpy* in (I2.39|l only vanishes for p = 0, it follows that only at this point the equation 
Lk e = e can be satished for every point in the worldvolume and reduces to: 

r.r5P = p. (3.14) 

Therefore, if we place the D3-brane at the center of the AdS^ space and wrap it on the three- 
cycles at p = Pi or p = p2, we obtain a | supersymmetric conhguration which preserves the 
Killing spinors of the type (ICTD with 1 ] satisfying (E3TD and the additional condition dsn. 

The cycles we have just found have been identihed by Martelli and Sparks as those dual 
to the dibaryonic operators det(y) and det(Z), made out of the bifundamental fields that, 
as the D3-brane wraps the two-sphere whose isometries are responsible for the global SU{2) 
group, are singlets under this symmetry ini. For this reason we will refer to these cycles as 
singlet (S) cycles. Let us recall how this identihcation is carried out. First of all, we look 
at the conformal dimension A of the corresponding dual operator. Following the general 
rule of the AdS/CFT correspondence (and the zero-mode corrections of ref. [S]), A = LM, 
where L is given by (ITT7I) and M is the mass of the wrapped three-brane. The latter can be 
computed as M = T3 V3, with T3 being the tension of the D3-brane (I/T3 = 87r^(a')^Ps) and 
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Va the volume of the three-cycle. If gc is the determinant of the spatial part of the induced 
metric on the three-cycle C, one has: 


^3 = 


v'sc <!?(. ■ 


(3.16) 


For the singlet cycles 
computed, namely: 


Sj at j/ = Hi {i = 1 , 2 ) and ' 0 =constant, the volume V 3 is readily 




<Vi)\yi\(2yrfi ■ 


(3.16) 


Let us dehne Ai 


A," 


+1, A 2 

N 

~ V 


— 1. Then, if Af = one has: 

• 2Aj pq + {2p — A* q) \/Ap"^ — 


(3.17) 


As it should be for a BPS saturated object, the R-charges Ri of the S* cycles are related 
to A® as Ri = I A®. By comparing the values of Ri with those determined in from 
the gauge theory dual (see Table [T]) one concludes that, indeed, a D3-brane wrapped at 
y = Vi {y = 1 / 2 ) can be identihed with the operator det(y) (det(Z)) as claimed. Another 
piece of evidence which supports this claim is the calculation of the baryon number, that 
can be identihed with the third homology class of the three-cycle C over which the D3-brane 
is wrapped. This number (in units of N) can be obtained by computing the integral over C 
of the pullback of a ( 2 , 1 ) three-form f 22 ,i on CY^’^\ 


B{C) = ±tj^P[Q2,i]c , (3.18) 

where P[- ■ ■]c denotes the pullback to the cycle C of the form that is inside the brackets. The 
sign of the right-hand side of depends on the orientation of the cycle. The explicit 

expression of fl 2 ,i has been determined in ref. m 


f22,l 



A OJ , 


(3.19) 


where is the one-form of our vielbein for the space, K is the constant 

9 


A-= 5 ^ (/-A. 


and uj is the two-form: 


UJ = 


A -f- A 


(1 -C|/)2L2 

Using {9,(j),j3) as worldvolume coordinates of the singlet cycles Sj, 

L*) fl 2 1 Is = —~— sin 6 dO /\ dcf) f\ dj3 , 

L , Jbi 18 1 - c?/i 


(3.20) 


(3.21) 


(3.22) 
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Then, changing variables 
a G [ 0 , 27r£], one gets: 


from /3 to a by means of (EHD, and taking into account that 



Stt^ Ktyi 

i -. 

3 I- cui 


(3.23) 


After using the values of yi and y 2 displayed in (EZj) , we arrive at: 


i5(Si) = -i [ P[f 22 ,i]si = P-^ ^ 
JSi 





(3.24) 


Notice the perfect agreement of B{Si) and - 6 ( 82 ) with the baryon numbers of Y and Z 
displayed in Table [T] 


3.2 Doublet supersymmetric three-cycles 


Let us now try to hnd supersymmetric embeddings of D3-branes on three-cycles by using a 
different set of worldvolume coordinates. As in the previous subsection it is convenient to 
use the global coordinates ()2.35|1 for the AdS^ part of the metric and the following set of 
worldvolume coordinates: 

C = ■ (3.25) 

Moreover, we will adopt the ansatz: 

, (t){y,(5,'ip) . (3.26) 


The kappa symmetry matrix in this case takes the form: 

= , (3.27) 

and the induced gamma matrices are: 

^ ^ r , cHcosO p . l-cy 

—7y — — I H-—— (j)yT2 H-— (^^rs -1- 0 j^sm 6 *r 4 ) H- - —cos^^^Ts , 

^7/3 = ^ (-1 + c cos 0 (/.^) r 2 + ^/3 Ts + sin ^ h ^4 

+ ^( 2 /+ (1 - C|/) cos^^^j Ts , (3.28) 

~ —— 07 r 2 -|- ^ {9^ r 3 -|- sin 6 * 0.0 r 4 ) - (1 -t- (1 — c) cos 6 (1)^) Ts . 

By using again the projections one easily gets the action oi'-^yy^ on the Killing spinor 


i 


[csTs + ciTi - 1 - caTs -f- C 135 Tiss ] e , 


(3.29) 
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where the different coefficients appearing on the right-hand side of ()d.29j) are given by: 
1 


C5 = 


18 


- 1 - cos6{(j)^ - ccpp) + (1 - cy) sin 6 ' 6 y{(j)p - ycj)^) - cl)y{0p - yO^) 


1 - «/ . . 
Cl =-^ sinb' 


C3 = 


Cl35 — 


6v/6 

yi - cy 

eye 

yi - cy 
18 


H 


"h (^Oy(j)^ O-Ipcjyy^ 


9^ - ccob 9{9^4>0 - Opcj)^) - 1 - ismOcj)^ 
sin 9 


H 


{(j)y - y(j)^) + H[9y + cos9 9y{(t)^ - c(t)p) - (t)y{9^ - c9i3) 


+iH sin 9 1 


H L 


Oy - + (1 - cy) cos9{9f}(j)^ - 9^(j)f^) 


(3.30) 


Again, we notice that the matrices hi, Fs and Fiss do not commute with the projections 
(ESS). We must impose: 


Cl = C 3 = Ci 35 = 0 . (3.31) 

From the vanishing of the imaginary part of C 3 we obtain the condition: 

sin^ 0^ = 0 . (3.32) 

One can solve the condition inna by taking sin 6 ' = 0, i.e. for 9 = 0,71. By inspection 
one easily realizes that Ci, C 3 and C 135 also vanish for these values of 9 and for an arbitrary 
function (j){y, (3, t/j) . Therefore, we have the solution 

9 = 0,71, (j) = (j){y,l3,7p) . (3.33) 


Another possibility is to take = 0. In this case one readily verifies that ci and C 3 vanish 
if 9^ = 0. Thus, let us assume that both 0 and 9 are independent of the angle 0. From 
the vanishing of the real and imaginary parts of C 135 we get two equations for the functions 
9 = 9{y,(3) and 0 = (j){y,P), namely: 

sin 0 

dy + -Jp4>0 + ccos9{(l)y9y - 9y(j)f:i) = 0 , 


913 — sin6'0y = 0 . (3.34) 

If the BPS equations ()3.34|1 hold, one can verify that the kappa symmetry condition F^ e = e 
reduces, up to a sign, to the projection (ITBD for the Killing spinor. As in the case of the S 
three-cycles studied in subsection 13.11 by using the explicit expression (I2.39|) of e in terms of 
the global coordinates of AdS^, one concludes that the D3-brane must be placed at p = 0. 
The corresponding configuration preserves four supersymmetries. 

In the next subsection we will tackle the problem of finding the general solution of the 
system dSSl- Here we will analyze the trivial solution of this system, namely: 

9 = constant , 0 = constant . (3.35) 
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This kind of three-cycle was studied in ref.j2I] by Herzog, Ejaz and Klebanov (see also Hi), 
who showed that it corresponds to dibaryons made out of the SU{2) doublet helds t/“. In 
what follows we will refer to it as doublet (D) cycle. Let us review the arguments leading to 
this identideation. First of all, the volume of the D cycle (jd.d5|) can be computed with the 
result: 

= y (27r)^ (?/2 -yi)^ . (3.36) 

By using the values of yi and y 2 lea. ()2.7|l L L fea. (l2.17j) l and i fea. ()2.1()|l l we hud the 
following value of the conformal dimension: 

= N^(^2p - VV - 3g2 j . (3.37) 

By comparison with Tabled one can verify that the corresponding R-charge, namely 2/3 A^, 
is equal to the R-charge of the field f/" multiplied by N. We can check this identiheation by 
computing the baryon number. Since, in this case, the pullback of (22,i is: 


K 

-P[^2,i]d = * dy A da A (I'll) 

(3.38) 

B(D) = -j / PI 02,1 Ib = -p, 

Jb 

(3.39) 


which, indeed, coincides with the baryon number of written in Table ^ 


3.2.1 General integration 


Let us now try to integrate in general the hrst-order differential system (I3.34j) . With this 
purpose it is more convenient to describe the locus of the D3-brane by means of two functions 
y = y{9,(()), f3 = (3{6,(p). Notice that this is equivalent to the description used so far (in 
which the independent variables were {y,P)), except for the cases in which (6*, 0) or {y,(3) 
are constant. The derivatives in these two descriptions are related by simply inverting the 
Jacobian matrix, he.: 


(Vd yA ^ f ^ ^ 

\f^e Ay 0 / 3 / 

By using these equations the hrst-order system (ICTl) is equivalent to: 


(3.40) 


y4> 


H‘^ sin 9 ’ 


jSfj, = ccos9 


sin 9 

pj2 ■ 


(3.41) 


These equations can be obtained directly by using 9 and 0 as worldvolume coordinates. 
Interestingly, in this form the BPS equations can be written as Cauchy-Riemann equations 
and, thus, they can be integrated in general. This is in agreement with the naive expectation 
that, at least locally, these equations should determine some kind of holomorphic embeddings. 
In order to verify this fact, let us introduce new variables Ui and U 2 , related to 9 and y as 
follows: 



U2 = 


log 


/ (sin6')'^ \ 


(3.42) 
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By comparing the above expressions with the dehnitions of Zi and Z 2 in eq. (EUSl), one gets: 


ui — i(j) = logzi , U 2 — ip = log 2:2 • (3.43) 

The relation between ui and 6 leads to dui = dO/ sin 6 *, from which it follows that: 

dp 


du 2 „ sin 6 

= C cos tl - He 


= sin 6 Pe , 


dui dui 

and it is easy to demonstrate that the BPS equations (ICTll can be written as: 

du2 dp du2 dp 


dui dp 


dp 


dui 


(3.44) 


(3.45) 


these being the Cauchy-Riemann equations for the variables U 2 — iP = logZ 2 and ui — ip = 
logzi. Then, the general integral of the BPS equations is 


log 2(2 = /(log2:1) , (3.46) 

where / is an arbitrary (holomorphic) function of log 2 : 1 . By exponentiating ea. (l3.46|) one 
gets that the general solution of the BPS equations is a function Z 2 = g{zi), in which 2:2 is 
an arbitrary holomorphic function of Zi. This result is analogous to what happened for 
|12j . The appearance of a holomorphic function in the local complex coordinates zi and 2:2 
is a consequence of kappa symmetry or, in other words, supersymmetry. But one still has 
to check that this equation makes sense globally. We will come to this point shortly. The 
simplest case is that in which log 2:2 depends linearly on logzi, namely 


log 2:2 = n(log 2 ;i) + const. , 


(3.47) 


where n is a constant. By exponentiating this equation we get a relation between 2:2 and zi 
of the type: 

Z2 = Cz^, (3.48) 

where C is a complex constant. If we represent this constant as C = the embedding 

reduces to the following real functions P = P{p) and y = y{6)\ 


P = np + Pq , 

h(v) = g ) "‘“/I . (3.49) 

(tanfj 

This is a nontrivial embedding of a probe D3-brane on AdS^ x Notice that in the limit 
c —0 one recovers the results of [12]. For c 7 ^ 0, a key difference arises. As we discussed 
earlier, 2:2 is not globally well-dehned in due to its dependence on p. As a consequence, 

eqs. dUED-dlini) describe a kappa-symmetric embedding for the D3-brane on but it does 
not correspond to a wrapped brane. The D3-brane spans a submanifold with boundaries.^ 

^In this respect, notice that it might happen that global consistency forces, through boundary conditions, 
the D3-brane probes to end on other branes. 


19 

















The only solution corresponding to a probe D3-brane wrapping a three-cycle is Zi = const, 
which is the one obtained in the preceding subsection. 

In order to remove (3 while respecting holomorphicity we seem to be forced to let Z 3 
enter into the game. The reason is simple, any dependence in (3 disappears if Z 2 enters 
through the product Z 2 Z:i. This would demand embeddings involving the radius that we did 
not consider. In this respect, it is interesting to point out that this is also the conclusion 
reached in from a different perspective: there, the complex coordinates corresponding 
to the generators of the chiral ring are deduced and it turns out that all of them depend 
on zi, Z 2 Z 3 and Z 3 . It would be clearly desirable to understand these generalized wrapped 
D3-branes in terms of algebraic geometry, following the framework of Ref. m which, in the 
case of the conifold, emphasizes the use of global homogeneous coordinates. Unfortunately, 
the relation between such homogeneous coordinates and the chiral helds of the quiver theory 
is more complicated in the case of 


3.3 The calibrating condition 


Let us now verify that the BPS equations we have obtained ensure that the three-dimensional 
submanifolds we have found are calibrated. First, recall that the metric of the manifold 
can be written as (Q, 




YP’I 


= dsl 


+ 


1 


-dt/j -|- cr 


where a is a one-form given by 


(T = - [ cosOdcf) + y{dj3 — ccos6*d0)] . 
o 

The Kahler form J 4 of the four-dimensional Kahler-Einstein space is just 


(3.51) 


J4 = 



1 

I 2 


[e^ A 




(3.52) 


where the e*’s are the forms of the vielbein (E2HI)- From the Sasaki-Einstein space we can 
construct the Calabi-Yau cone whose metric is just given by: ds^yp.-i = dr‘^+r‘^ dsy^^^. 

The Kahler form J of is just: 

J = r‘^ J 4 + — dr A , (3.53) 

_ 1j 

"‘One might think that a possible caveat to this problem is to choose a different slicing of as the one in 
frm . where the metric is written as a U(l) bundle coordinatized by a (the base not being a Kahler-Einstein 
manifold). The complex coordinates of the slice are 

zi = zi , Z2 = G(y) sin0e*’^ , (3.50) 

where G'{y)/G{y) = i/\/w{y)q{y). However, a ‘holomorphic’ ansatz of the form zi = would be related 
to an embedding of the form (p = </>('*/') and 6 — 0{y), which is a particular case of 13.2611 albeit it is not 
kappa symmetric. These complex coordinates zi and Z 2 have nothing to do with the complex structure of 
the Calabi-Yau manifold and, as such, kappa symmetry is not going to lead to a holomorphic embedding in 
terms of them. 
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whose explicit expression in terms of the coordinates is: 


J = - il — cy) sinddO/xdcf) ^ — r(irA((i-^ + cos6'(i0) H — d{r‘^y) A {d(3 — c cos 6dcp) . (3.54) 

6 3 6 


Given a three-submanifold in Y^’'^ one can construct its cone V, which is a four-dimensional 
submanifold of The calibrating condition for a supersymmetric four-submanifold V 

of CYP'<i is just: 


P 


-JAJ 


V 


Yo\{V) , 


(3.55) 


where Vol(P) is the volume form of the divisor P. Let us check that the condition ()3.55j) 
is indeed satished by the cones constructed from our three-submanifolds. In order to verify 
this fact it is more convenient to describe the embedding by means of functions y = y{6, (p) 
and /3 = /3(6*, 0). The corresponding BPS equations are the ones written in (jd.dlj) . By using 
them one can verify that the induced volume form for the three-dimensional submanifold is: 


vol 


1 

18 


(1 - cy)sm.6 + ccosOye P Pey^ 


yeP<p 


dO A dp A dip . 

BPS 


(3.56) 


By computing the pullback of J A J one can verify that the calibrating condition (I3.55j) is 
indeed satished for: 

Vol(P) = —r^ dr A vol , (3.57) 

which is just the volume form of P with the metric ds^YP-i having a particular orientation. 
Eq. (I3.55|l is also satished for the cones constructed from the singlet and doublet three- 
cycles of sections 13.11 and 13.21 This fact is nothing but the expression of the local nature of 
sup ersy mmet ry. 


3.4 Energy bound 

The dynamics of the D3-brane probe is governed by the Dirac-Born-Infeld lagrangian that, 
for the case in which there are not worldvolume gauge helds, reduces to: 

jC = , (3.58) 

where we have taken the D3-brane tension equal to one. We have checked that any solution of 
the hrst-order equations or (ICTll also satishes the Euler-Lagrange equations derived 

from the lagrangian density (I3.58|) . Moreover, for the static conhgurations we are considering 
here the hamiltonian density H is, as expected, just Ti. = —C. We are now going to verify 
that this energy density satishes a bound, which is just saturated when the BPS equations 
fITMll or (ICTD hold. In what follows we will take 6 and p as independent variables. For an 
arbitrary embedding of a D3-brane described by two functions P = P{9,p) and y = y{0,p) 
one can show that PC can be written as: 

n = , (3.59) 


21 















where y and W are given by: 


Z 

y 

w 

Obviously one has: 
Moreover, since 


18 

18 

18 


(1 - q/) sin 0 + c cos 9ye + y^Pe - yef34> 

Vl - q/ H 


sin 9 

— c cos 9 + —ye 


h/2 


\/^-cy H 


sin 9 Pq — 


y±_ 


n>\z 


y, = Wi =0 

BPS BPS ’ 


(3.60) 

(3.61) 

(3.62) 


the bound saturates when the BPS equations (ICTll are satished. Thus, the system of 
differential equations (imi) is equivalent to the condition Ti = \ Z \ (actually ^ > 0 if the 
BPS equations (mn) are satished). Moreover, for an arbitrary embedding Z can be written 
as a total derivative, namely: 

This result implies that Ti is bounded by the integrand of a topological charge. The explicit 
form of Z^ and is: 




18 


(1 - cy) cos9 + yP^ 


1 


(3.64) 

In this way, from the point of view of the D3-branes, the conhgurations satisfying eq. (ITTTD 
can be regarded as BPS worldvolume solitons. 


3.5 BPS fluctuations of dibaryons 

In this section we study BPS huctuations of dibaryon operators in the quiver theory. 
We start with the simplest dibaryon which is singlet under SU{2), say deth". To construct 
excited dibaryons we should replace one of the Y factors by any other chiral held transforming 
in the same representation of the gauge groups. For example, replacing Y by Ylf^V^Y, we 
get a new operator of the form 

eie‘^{YU^Vf^Y)Y ■■■Y , (3.65) 

where ei and are abbreviations for the completely anti-symmetric tensors for the respective 
SU{N) factors of the gauge group. Using the identity 

= y ■ ■ • C») • (3.66) 
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the new operator we get can factorize into the original dibaryon and a single-trace operator 

detF . (3.67) 

Indeed for singlet dibaryons, a factorization of this sort always works. This fact seems to 
imply, at least at weak coupling, that excitation of a singlet dibaryon can be represented as 
graviton fluctuations in the presence of the original dibaryon. 

For the case of dibaryon with SU{2) quantum number the situation is different. Consider, 
for simplicity, the state with maximum J 3 of the SU{2) 

eie\U^---U^) = detU\ (3.68) 

we can replace one of factors by O, where O is some operator given by a closed loop 
in the quiver. As the case of singlet dibaryon, this kind of excitation is factorizable since all 
SU{2) indices are symmetric. So this kind of operator should be identihed with a graviton 
excitation with wrapped D3-brane in the dual string theory. However if the SU{2) index of 
the U field is changed in the excitation, i.e. —>■ O, then the resulting operator cannot 

be written as a product of the original dibaryon and a meson-like operator. Instead it has 
to be interpreted as a single particle state in AdS. Since the operator also carries the same 
baryon number, the natural conclusion is that the one-particle state is a BPS excitation of 
the wrapped D3-brane corresponding to the dibaryon jH]. 

In order to classify all these BPS excitations of the dibaryon, we have to count all possible 
inequivalent chiral operators O that transform in the bifundamental representation of one of 
the gauge group factors of the theory. In quiver gauge theory, these operators correspond 
to loops in the quiver diagram just like the mesonic chiral operators discussed in [^. The 
simplest ones are operators with R-charge 2. They have been thoroughly discussed in |B 2 |. 
They are given by short loops of length 3 or 4 in the quiver, precisely as those operators 
entering in the superpotential (EH- They are single trace operators of the form (in what 
follows we omit the trace and the SU{2) indices) UVY, VUY or YUZU (see the upper 
quiver in FigE. Since they are equivalent in the chiral ring, we can identify them as a single 
operator Oi. It transforms in the spin | ® | = 0© 1 representation of the global SU{2). The 
scalar component vanishes in the chiral ring. Thus, we end up with a spin 1 chiral operator 
with scaling dimension A = 3. Its U{1)f charge vanishes. 

There are also two classes of long loops in the quiver. The hrst class, whose representative 
is named O 2 , has length 2 p, winds the quiver from the left to the right and is made of p 
U type operators, q V type operators and p — q Z type operators. For example, in Y^'^, a 
long loop of this class is VUVUZUZU (middle quiver in FigEj). It transforms in the spin 
!©...©! = ^ © ... representation of SU{2). The dots amount to lower dimensional 
representations that vanish in the chiral ring. The resulting operator, O 2 , has spin 
There is another class of long loops which has length 2p — q, running along the quiver in the 
opposite direction, build with p Y type operators and p — q U type operators. We name its 
representative as O^. In the case of it is an operator like YUYYYU (bottom quiver in 
FigE)). SU{2) indices, again, have to be completely symmetrized, the spin being 2^. Long 
loops wind around the quiver and this leads to a nonvanishing value oiQp [SHI • The baryonic 
charge vanishes for any of these loops. We summarize in Table El the charge assignments 
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Figure 2: Loops in the quiver representing mesonic operators in the chiral ring. There 
are short loops such as UVY, VUY or YUZU (upper), longest loops as VUVUZUZU 
(middle) and long loops like YUYYYU (bottom). The representative of each class in the 
chiral ring is, respectively, Oi, O 2 and O^. 

for the three kinds of operators Oi [HH]- We can see that these operators satisfy the BPS 
condition A = | Qr. In fact, they are the building blocks of all other scalar BPS operators. 
The general BPS excitation corresponds to operators of the form 

3 

0 = W . (3.69) 

i=l 

It is interesting to notice that the spectrum of fluctuations of a dibaryon must coincide with 
the mesonic chiral operators in the Y^’^ quiver theory. This would provide a nontrivial test of 
the AdS/CFT correspondence. We show this result explicitly via an analysis of open string 
fluctuation on wrapped D3-branes. 

Now we are interested in describing the excitations of dibaryon operators from the dual 
string theory. For those excitations that are factorizable, the dual configurations are just 
the multi-particle states of graviton excitations in the presence of a dibaryon. The corre¬ 
spondence of graviton excitation and mesonic operator were studied in EHiiini- What we 
are really interested in are those non-factorizable operators that can be interpreted as open 
string excitations on the D-brane. This can be analyzed by using the Dirac-Born-Infeld ac¬ 
tion of the D3-brane. In what follows we will focus on the dibaryon made of U helds, which 
corresponds to the three-cycle D studied in subsection 13.21 which, for convenience, we will 
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Operator 

Qr 

Qf 

Spin 

0 , 

2 

0 

1 

O2 

p + q-je 

p 

p+q 

2 

O3 

1 

•.Q 

+ 

-p 

p-q 

2 


Table 2: Charges assignments for the mesonic operators Oi that generate the chiral ring. 


parameterize with the coordinates {y,'ijj,a). The analysis of the dibaryon made of V field 
is similar. For our purpose we will use, as in eq. (EIS3), the global coordinate system for 
the AdS^ part of the metric and we will take the Y^’'^ part as written in eq. We are 

interested in the normal modes of oscillation of the wrapped D3-brane around the solution 
corresponding to some fixed worldline in AdS^ and some fixed 6 and 0 on the transverse 8“^. 
For such a configuration, the induced metric on the dibaryon is: 

L~‘^dsl d = —dr"^ + —dy‘^ + + w{da + fdipY , (3.70) 

wv 9 

where the functions v{y), w{y) and f{y) have been defined in eq. ()2.13j) (in what follows of 
this subsection we will take c = 1). 

The fluctuations along the transverse 8“^ are the most interesting, since they change the 
8U{2) quantum numbers and are most readily compared with the chiral primary states in 
the field theory. Without lost of generality, we consider fluctuations around the north pole 
of the 5^, i.e. Oq = 0. Instead of using coordinates 6 and 0, it is convenient to go from 
polar to Cartesian coordinates: = ^sin^ and = 6cos(j). As a further simplification we 

perform a shift in the coordinate "0. The action for the D3-brane is: 


s = -n / A + n / ^’[C(4)i 


(3.71) 


Let us expand the induced metric g around the static configuration as g = g(^o) + 6g, where 
5'(o) is the zeroth order contribution. The corresponding expansion for the action takes the 
form: 

^ = ^0 - Y f d^^^-detg^o) Tr 5^] + T, f P[C(4)] , (3.72) 


where S'o = — T3 J d^^ ^ — det (7(0). Note that the determinant of the induced metric at 
zeroth order is a constant: det {g{o)) = The five-form field strength is 

F5 = (1 -|- *) 4^ det{GYv<<i)L^d9 A d(j) A dy A dip A da . (3.73) 


Moreover, using that ■\/det(Gyp,9) = sin 9, we can choose the four-form Ramond-Ramond 
field to be 


C4 = -(1 — j/)L^(cos 6 — 1) da A dy A dip A d(j), 
9 


(3.74) 
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which is well dehned around the north pole of 3“^. At quadratic order, the four form C 4 is 


(^4 = —-y/—det g(o) — C dC^ A da A dy A d%jj . (3.75) 

The contribution from the Born-Infeld part of the effective action is: 

Tr 6 g] = G,, {d,C%C) + 2g^^^ G,, d,C\ (3-76) 

where G is the metric of the background, i,j denote the components of G along the 
directions and the indices /r, u refer to the directions of the worldvolume of the cycle. The 
non-vanishing components of G are: 

G,, = G^, = (wf + C • (3.77) 

Using these results one can verify that the effective Lagrangian is proportional to: 

E G,. d,c + C‘ 9rC . (3.78) 

i 

The equations of motion for the fluctuation are hnally given by 

y ((1 -») <„■; a.c) + G„.) - = 0. (3.79) 

Introducing ± the equations of motion reduce to 

(± ± = 0 , (3.80) 

where is the laplacian along the spatial directions of the cycle for the induced metric gi^y. 
The standard strategy to solve this equation is to use separation of variables as 


c* = exp(-'ia)r)exp (ijaj exp(mi’) 


(3.81) 


Plugging this ansatz into the equation of motion, we hnd 


—[(1 - y)^iy)viy)^Yj^niy) 

-ydyl dy J 

9p{y) 1 18 f{y) m 9 , 

v{y) ^w(y)Je^ v(y) £ ^ v(y) 


(3.82) 


a;(a; ± 4) ± 


6 n ■ 
1 - 2 /- 


y^'^(y) ■ 

mn yy / • 


The resulting equation has four regular singularities at y = yi,y 2 ,y 3 and 00 and is known as 
Heun’s equation (for clarity, in what follows we omit the indices in Y) jH]: 



(3.83) 
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where, in our case 


(i{y) 


Q{y) 


y - ± 4) 


1 


i=l 


y-yi 


3 ,m ^ 1, 3n 

3i(j + 2")(7-6") + j‘^(-±4)=Fy 


(3.84) 


with Q{y) being the function dehned in ea. (l2.t)j) . Now, given that the R-symmetry is dual 
to the Reeb Killing vector of namely 2d/dll’ — 4 d/da, we can use the R-charge Qr = 

2n — m/3i instead of n as quantum number. The exponents at the regular singularities 
y = yi are then given by 


1 (1 - yi){m/i + SQnyi) 

2 Q'{y^) 


(3.85) 


The exponents at y = oo are — ^ and ^ + 2 for K+, while —j + 2 and j for V~. We can 
transform the singularity from {yi, y 2 , ys, ooj to {0,1,6 = y[Zyl , oo} by introducing a new 
variable x, dehned as: 


X = 


y-yi 


2/2 - 2/1 

It is also convenient to substitute 

Y = — a;)'"^'(6 — h{x) , 

which transforms equation into the standard form of the Heun’s equation 


.c D E \ d 

—h(x)+{^- + — + —J- 

Here the Heun’s parameters are given by 


h{x) + 


ABx — k 
x{x — l)(a: — 6) 


h{x) = 0. 


(3.86) 


(3.87) 


(3.88) 


and 


. uj \ 

■4 = -^ + E 


\ai 


B = 


a; + 4 


2=1 


2=1 


ai 


C — It 2|o:i| , D — It 2|q:2| , E — IT 2|q:3| , 


k — (|q:i| T IttaDdofil T Icisl T 1) — |ci2|^ 
(|ai| T |a2|)(|Q;i| T |q; 2| T 1) — jcisp 
1 


- y , 


/i = 




2/1 - 2/2 

5 [i(l - + 4) - 


3 „ 4m\ 1 


m\ 

2 + W 


b = 


1 / v/4p2 - 3g2 

2 V ^ q 


(3.89) 


(3.90) 
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We only presented the equation for F+; the corresponding equation for V~ can be obtained 
by replacing u with a; — 4 and changing the sign of the last term in (ld.9()|l . 

Now let us discuss the solutions to this differential equation. For quantum number 
Qji = 2N (which implies m = 0), we hnd all a* equal to N/2. If we set ut = 3N, the Heun’s 
parameters A and k both vanish. The corresponding solution h{x) is a constant function. 
Similarly if a; = —3iV — 4, then B and k vanish which also implies a constant h{x). The 
complete solution of in these two cases is given by 


Ci^ 

C2^ 


i=l 

3 

g±i((37V+4)r+Vp) _ y,^N/2 _ 

i=l 


(3.91) 


These constant solutions represent ground states with hxed quantum numbers and, since 
they have the lowest possible dimension for a given R-charge, they should be identihed 
with the BPS operators. Indeed, in the solutions the energy is quantized in units of 

3L~^, and 3 is precisely the conformal dimension of Oi. This provides a perfect matching of 
AdS/CFT in this setting. 

The situation for quantum numbers Qji = N(p iL q =p l/3£) and m = iLN is similar to 
the case we have just discussed. The solutions for h(x) are constant with 


Np 2p — \/ 4p2 — 3g2 

-I o ^- 

2 V q 


(3.92) 


and 


UJ = 


Np \/— 3(f 

z I 3 i 

2 V q 


-4. 


(3.93) 


We can see the conformal dimension satishes A = ^Qr. So all these solutions are BPS 
fluctuations which should correspond to the operators O 2 and O 3 . 

An interesting comment is in order at this point. Notice that the dibaryon excitations 
should come out with the multiplicities associated to the SU(2) spin (see Table |21) of the Oi 
operators. However, in order to tackle this problem, we would need to consider at the same 
time the fluctuation of the D3-brane probes and the zero-mode dynamics corresponding to 
their collective motion along the sphere with coordinate 6 and 0 (see ref.jHj for a similar 
discussion in the conifold case). This is an interesting problem that we leave open. 


4 Supersymmetric D5-branes in AdS^ x 

In this section we will study the supersymmetric conhgurations of D5-branes in the AdS^ x 
background. First of all, notice that in this case F^ acts on the Killing spinors e as: 










where we have used the relation (IT131) to translate eq. Tim . The appearance of the 
complex conjugation on the right-hand side of eq. dUD is crucial in what follows. Indeed, 
the complex conjugation does not commute with the projections Therefore, in order 

to construct an additional compatible projection involving the e —>■ e* operation we need 
to include a product of gamma matrices which anticommutes with both ri 2 and r 34 . As 
in the D3-brane case just analyzed, this compatibility requirement between the T^e = e 
condition and implies a set of differential equations whose solutions, if any, determine 

the supersymmetric embeddings we are looking for. 

We will carry out successfully this program only in the case of a D5-brane extended along 
a two-dimensional submanifold of W’'^. In analogy with what happens with the conifold |1], 
one expects that these kinds of conhgurations represent a domain wall in the gauge theory 
side such that, when one crosses one of these objects, the gauge groups change and one 
passes from an A/” = 1 super conformal held theory to a cascading theory with fractional 
branes. The supergravity dual of this cascading theory has been obtained in ref. j21j . 
In the remainder of this section we will hnd the corresponding conhgurations of the D5- 
brane probe. Moreover, in section IHl we will hnd, based on a diherent set of worldvolume 
coordinates, another embedding of this type preserving the same supersymmetry as the one 
found in the present section and we will analyze the ehect of adding hux of the worldvolume 
gauge helds. In section IHl we will also look at the possibility of having D5-branes wrapped 
on a three-dimensional submanifold of These conhgurations are not supersymmetric, 
although we have been able to hnd stable solutions of the equations of motion. The case 
in which the D5-brane wraps the entire corresponds to the baryon vertex. In this 
conhguration, studied also in section IHl the D5-brane captures the hux of the RR hve-form, 
which acts as a source for the electric worldvolume gauge held. We will conclude in section 
El that this conhguration cannot be supersymmetric, in analogy with what happens in the 
conifold case[T2j. 

4.1 Domain wall solutions 

We want to hnd a conhguration in which the D5-brane probe wraps a two-dimensional 
submanifold of and is a codimension one object in AdS^. Accordingly, let us place the 
probe at some constant value of one of the Minkowski coordinates (say x^) and let us extend 
it along the radial direction. To describe such an embedding we choose the following set of 
worldvolume coordinates for a D5-brane probe 

= (t, r, 0, 0) , (4.2) 

and we adopt the following ansatz: 

2/ = 2/(^,0), = /3(0,0) , (4.3) 

with and 'A constant. The induced Dirac matrices can be computed straightforwardly 
from eq. with the result: 

^ T 

~r 5 0 , 1 , 2 , 
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7i 


L 

r 


= —Y 

r r 5 


^70 = 


1 r ^ -r < \/l - c?/ , 2 / ^ p 

717 '"' ‘ ■ 71 *^ 3 *^^ ■ 


^ ^ r , ^ ^ 4) /Q ^r , VI - cy . 

■ 7 ^ =-+ — (ccosfc/ - /?</,) r 2 H- 7 =— sin 6 ^r 4 


V 6 i/ 


V 6 


V 6 


(4.4) 


+ -[2//30 + (1 -c|/)cos 6 ']r 5 . 


From the general expression iH) one readily gets that the kappa symmetry matrix acts on 
the spinor e as: 

2 

% T 

Tk; ^ ^ ^ ~Yj2 ^'yO(l) ^ • ('^*^) 

By using the complex conjugate of the projections one gets: 


^ 76 » 0 ^* — [&/ + ^isTis + ^ssTss + feisFisje* , 


(4.6) 


where the different coefficients are: 


bj = —i 


bi5 — —\l- — 


(1 - cy)sm9 + c cos 9 yg + y^(3e - ygjS^ 


2 1 


3 HI 


(1 - cy) cos 9ye + y {(3^ yg - f3g y^) 


- M/ 3 cos9(3g , 


hb = 


^a/1 - cy {I-cy)cos9 + yj3^ + 2 /sm 


^13 — yi — 


cy 


m 

L H 


— H(3g sin^ 


+ 


cy 


sin 9 

vir 


yg - H{c cos 9 - (3^) . (4.7) 


As discussed above, in this case the action of F^ involves the complex conjugation, which 
does not commute with the projections (I2.32|) . Actually, the only term on the right-hand 
side of ()4.6|1 which is consistent with ()2.32|1 is the one containing F 13 . Accordingly, we must 
require: 


bj — &15 — &35 — 0 . 

From the vanishing of the imaginary part of 615 we get: 

/3e = 0, 

while the vanishing of the real part of 615 leads to: 

a ^-cy 


cos 9 . 


y 


(4.8) 

(4.9) 

(4.10) 
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Notice that 635 is zero as a consequence of equations (BSD and (ICTIl) which, in particular 
imply that: 

(3 = (5{ct>) . (4.11) 

Moreover, by using eq. (BID, the condition 6 / = 0 is equivalent to 

(1 —cj/)sin 6 ' + [ccosd — (3^)yo = 0 , (4-12) 

and plugging the value of (3^ from (ICTl , one arrives at: 

yg = -{1 - cy)ytane . (4.13) 

In order to implement the kappa symmetry condition at all points of the worldvolume the 
phase of 613 must be constant. This can be achieved by requiring that the real part of 613 
vanishes, which for = 0 is equivalent to the condition y^ = 0 , he.: 

y = y{0) . (4.14) 

The equation Bm for y{9) is easily integrated, namely: 

—-— = kcosO , (4.15) 

I-cy 

where /c is a constant. Moreover, by separating variables in eq. (I4.1()|l . one concludes that: 

(3<p = m , (4.16) 

where m is a new constant. Plugging into eq. (g:TUD and using the result firail one 

concludes that the two constants m and k must be related as: 

km = —1 , (4.17) 

which, in particular implies that k and m cannot vanish. Thus, the embedding of the D5- 
brane becomes 


13 = m(l) + Po , 


y = 


cos 6 

m — c cos 6 


(4.18) 


Notice that the solution (irai) is symmetric under the change m —>■ —m, 6* —>■ tt — 6* and 
0 —>■ 27r — 0. Thus, from now on we can assume that m > 0. 

It is now straightforward to verify that the BPS equation are equivalent to impose the 
following condition on the spinor e: 


where a is: 




ae , 


a 



—sign 


m — ccos 



(4.19) 

(4.20) 
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Obviously, the only valid solutions are those which correspond to having a constant sign 
a along the worldvolume. This always happens for mjc > 1. In this case the minimal 
(maximal) value of 6 is 6 = 0 {6 = tt) if \m — c\\yi\ > 1 (|m — c\\y 2 \ > 1). Otherwise the 
angle 9 must be restricted to lie in the interval 9 & [9i, 6 ^ 2 ], where 9i and 02 are given by: 


arccos 


' myi - 

-cyi - iJ 


(i = l, 2 ). 


(4.21) 


Notice that, similarly to what we obtained in the previous section, ea. (l4.18|l implies that 
the conhguration we arrived at does not in general correspond to a wrapped brane but to a 
D5-brane that spans a two-dimensional submanifold with boundaries. 

Let us now count the number of supersymmetries preserved by our conhguration. In 
order to do so we must convert eq. (lOl into an algebraic condition on a constant spinor. 
With this purpose in mind let us write the general form of e as the sum of the two types of 
spinors written in eq. (E 21 , namely: 

-3 - 

e = r~^7]+ + (^^ 1 ^ 3 , 377 + + ri_'^ + ^x'PTrxPV+ , (4.22) 

where is the constant value of the coordinate x^ in the embedding and the index p runs 
over the set {0,1, 2}. By substituting eq. (I4.22|l on both sides of eq. ()4.19|1 . one can get the 
conditions that 77 + and 77 . must satisfy. Indeed, let us dehne the operator V as follows: 


Ve = iae^^°Tr^3Tise* . 


(4.23) 


Then, one can check that eq. is equivalent to: 


P 77 + = 77 + , 


(1 + ^r„3r,+ . (4.24) 

As = 1, we can classify the four spinors rj- according to their "P-eigenvalue as: V = 
±77!^^ We can now solve the system (Oil by taking 77+ = 0 and 77. equal to one of the 
two spinors 77 ^”^ of negative "P-eigenvalue. Moreover, there are other two solutions which 
correspond to taking a spinor of positive "P-eigenvalue and a spinor rj^ related to the 
former as: ^ 

77+ = ^ 77i'^^ . ( 4 . 25 ) 

Notice that, according to the hrst equation in ()4.24jl . the spinor 77 + must have positive V- 
eigenvalue, in agreement with eq. (jOH). All together this conhguration preserves four 
supersymmetries, i.e. one half of the supersymmetries of the background, as expected for a 
domain wall. 
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4.2 The calibrating condition 

For any two-dimensional snbmanifold L of one can construct its three-dimensional cone 
C C The holomorphic (3, 0) form hi of CY'^'^ can be naturally used to calibrate such 

submanifolds. Indeed, C is called a special Lagrangian submanifold of CY^’^^ if the pullback 
of n to £ is, up to a constant phase, equal to the volume form of £, namely: 

P[n]^ = P^Vo\{C) , (4.26) 


where A is constant on C. If the cone C is special Lagrangian, its base L is said to be special 
Legendrian. It has been argued in ref. ^2] that the supersymmetric conhgurations of a 
D5-brane extended along a two-dimensional submanifold L of a Sasaki-Einstein space are 
those for which C is special Lagrangian. Let us check that this is indeed the case for the 
embeddings (I4.18|l . First of all, we notice that the expression of hi written in (I2.26|) can be 
recast as: 

n = 124 A [ dr -f i ] , (4.27) 

Jj 

where 124 is the two-form: 


124 


1 

1 ? 


(-f ) A ( 



(4.28) 


In eqs. and (lOKll e^, • • •, e® are the vielbein one-forms of (j22Hl). Moreover, the 

volume form of C can be written as: 


Vol (£) = r^dr A Vol (L) . 


(4.29) 


For our embeddings (ITTHl) one can check that: 


Vol(L) = 


H 


cos 9 

y 




cy 


1 + {1-cy)^ tan^ 9 


d9 A d(p . 


(4.30) 


It is now straightforward to verify that our embeddings (ITTHll satisfy with = 

where a is the constant sign dehned in (I4.2()|l (recall that in our ansatz (I4.3|l the 
angle "0 is constant). Thus, we conclude that L is special Legendrian, as claimed. Moreover, 
one can check that: 


P[J]c = 0 . 


(4.31) 


4.3 Energy bound 

Let us consider a generic embedding y = y{9), (3 = /3(0) and let us dehne the following 
functions of 9 and y 

Ag = —y(l — cy) tand , =- — cos 9 . (4.32) 

y 

In terms of these functions the BPS equations ()4.10|1 and ()4.13|) are simply yg = Ag and 
{3^ = A^. We have checked that any solution of this hrst-order equations also solves the 
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Euler-Lagrange equations derived from the Dirac-Born-Infeld lagrangian ()d.58j) . Moreover, 
the hamiltonian density 7Y = satishes a BPS bound as in (jd.(il|l . where .Z is a total 

derivative. To prove this statement, let us notice that H can be written as: 


n = — 


H 


6 a/1 - cy 


y 


cos 9 


/ A o A cos^ 9 „ 

K + X 




xJ{ccos9 - + 


COs2 9 


A2 + 


2|/2 


H^y'^{l-cy) ® ' 3H‘^ 

Let us now rewrite H as H = \Z\ + S, where 


- A^)2 . (4.33) 


Z = — 


H 


y r cos^ 9 


6 y/1 — cy cos 9 I y‘^H‘^ 


^eye - {ccos9 - P,p)A^ 


(4.34) 


One can check that \Z\ 


BPS 


= 


BPS- 


Moreover, for arbitrary functions y = y{9) and 


P = P{p), one can verify that .Z is a total derivative, namely: 

Z = —Z^ + —Z"^ . 

89 86 


(4.35) 


In order to write the explicit expressions of Z^ and Z‘^, let us dehne the function g{y) as 
follows: 

f VI - cy 


9{y) = 


H{y) 


■dy . 


Then one can verify that eq. is satished for Z^ and Z'^ given by: 


(4.36) 


= —sm9g{y), 


Z^ = 


6 


6 L 


- cos9g{y)p + H{y) — cy {cpcos9 — P) 


One can prove that 1-L>\Z \ is equivalent to: 
cos^ 9 


1 / 2(1 - cy) 


Ae + (1 - cy) (c cos 9 - PP) ye 


+ 


r A 2 , (1 - cy) cos^ 9 


^1 + 


ym^ 


■ye 


[P^ - AV" > 0 


(4.37) 


(4.38) 


which is always satisfied. Moreover, by using that (ccos6* — P(p)\BPS = cos9/y, one can 
prove that this inequality is saturated precisely when the BPS differential equations are 
satisfied. 
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5 Supersymmetric D7-branes in AdS^ x 

For a D7-brane the kappa symmetry matrix takes the form: 


r, = (5.1) 

where, again, we have used the rules of eq. to write the expression of F^ acting on 

complex spinors. The D7-branes which £11 the four Minkowski spacetime directions and ex¬ 
tend along some holographic non-compact direction can be potentially used as flavor branes, 
i.e. as branes whose fluctuations can be identified with the dynamical mesons of the gauge 
theory. In this section we will And a family of these configurations which preserve four su¬ 
persymmetries. In section |B] we will determine another family of supersymmetric spacetime 
Ailing configurations of D7-branes and we will also demonstrate that there are embeddings 
in which the D7-brane wraps the entire space and preserve two supersymmetries. 


5.1 Spacetime filling D7-brane 

Let us choose a system of worldvolume coordinates motivated by the spacetime Ailing char¬ 
acter of the configuration that we are trying to And, namely: 

^ = {t, x^, x^, x^, y, p, e, 0). (5.2) 

The ansatz we will adopt for the embedding is: 


p = p{p,(j)), r = r{y,e). 

In this case the general expression of F^ (eq. (I5.1|l i reduces to: 


F. = -i 






(5.3) 


(5.4) 


In order to implement the F^ e = e condition we require that the spinor e is an eigenvector 
of the matrix F* defined in eq. Then, according to eq. (ESI, r *e = —e, i.e. e is of 

the form e_ and, therefore, it satisfies: 


Fa;0...3,3 e_ = ie_ . (5.5) 

Moreover, as e_ has fixed ten-dimensional chirality, the condition (ESD implies: 


Fr 5 e_ = —ie_ . 


By using the projection (ESD, one immediately arrives at: 

4 


(5.6) 


(5.7) 
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The induced gamma matrices appearing on the right-hand side of eq. (EZD are: 
1 

1 


1 r ^ 1 r 
y/6H r ^ 


\/l - cy^ , 1 ^ 

yde = -7=—hsT-reT^, 

L \/6 r 

^7/3 = “:^r2 + ^(V'/3 + 2/)r5, 

1 cH cos 9^ y/1 — cy 1 , , , , ^ 

-7^ = —r2+ ^ ^ ^ smgr4 + -(V>^-F(l-cy)cosg)r5 

After using eqs. and (|5.6p . the action of 'yyi 3 e 4 > on e can be written as: 

1 




7yW^- ~ [ c?/ + dis his -|- dssTss -|- disTisje- , 


where the different coefficients are given by: 
1 


dr — 
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sin 9 + ^ ^ sin0 (r/ -f - 0 / 3 ) — - [(1 + ci/jp) cos9 + i>p] — 


, . 1 - C3/ 

di 5 = t -^ H sm 9 


6 V 6 


18 


y + i^p 

3H^ 


dsb — 


^ 6^6 


= y^H 

^ 18 


f'f) 1 

sin 0 -h 7 ((1 + cipp) cos 9 + 'ijjs) 

r 6 


sin 9 ^ — - 1 - ((1 - 1 - cipp) cos 9 + tpp) — 

r r 


(5.8) 


(5.9) 


(5.10) 


As the terms containing the matrices Tis, Tss and Tis give rise to projections which are not 
compatible with those in eq. (ESI, we have to impose that: 

di5 = ^(35 = di3, = 0 . ( 5 - 11 ) 

From the vanishing of dis and ^35 we obtain the following hrst-order differential equations 

Ty = Ay , re = Ae , ( 5 . 12 ) 

where we have defined Ay and Aq as: 


3i/2 


{y + ^/ 3 ), 


Ae 


r 

3sin6' 


(1 + ctjjp) cos 9 + iljp 


(5.13) 


Notice that the equations imply that dis = 0. One can also check that dj = 

^/^ if the hrst-order equations ()5.12j) hold and, therefore, one has indeed that r^e- = 
e_. Thus, any Killing spinor of the type e = e_, with e_ as in eq. (ESI, satishes the 
kappa symmetry condition if the BPS equations (|^:t^ hold. Therefore, these conhgurations 
preserve the four ordinary supersymmetries of the background and, as a consequence, they 
are 1/8 supersymmetric. 
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5.2 Integration of the first-order equations 


Let us now obtain the general solution of the system dni- Our hrst observation is that, 
according to (I5.3|) . the only dependence on the coordinates [3 and 0 appearing in eqs. 
and comes from the derivatives of ^fJ. Therefore, for consistency with the assumed 

dependence of the functions of the ansatz (j5.3|l . and ipp must be constants. Thus, let us 
write: 


= ni , = ns , 

which can be trivially integrated, namely: 

'll) = ni (j) + n 2 (3 + constant . 




{y + n2) , 


re = 


3sin6' 


(1 + cris) cos 6* + ni 



(5.14) 


(5.15) 

are: 


rii . 

(5.16) 


Let us hrst integrate the equation for rg in (15.1(11) . We get: 


r{y,9) 


My) 


l + n^-i-cn2 1 —nj^-|-cn2 5 


• e 

3 

e 

[sin^J 


cos 2 


(5.17) 


with A{y) a function of 'y to be determined. Plugging this result in the equation for Vy in 
flb.lbjl . we get the following equation for A\ 


1 dA 
A dy 


1 y+ 712 

3 


(5.18) 


which can be integrated immediately, namely: 


1 n2 


A (y) = C fi{y) f 2 iy) , 


(5.19) 


with C a constant and fi{y) and f 2 {y) being the functions dehned in ()2.24j) . Then, we can 
write r{y, 6) as: 

r ~\T312 


r^{y,0) 


C- 


fiiy) f2iy) 


sm ■ 


l+ni+cn2 r 


COS I 


1 1—ni+cn2 


(5.20) 


Several comments concerning the solution displayed in eqs. and are in order. 

First of all, after a suitable change of variable it is easy to verify that for c = 0 one recovers 
from (|5.15|) and (|5.2()|) the familv of D7-brane embeddines in AdS^, x found in ref. Q. 
Secondly, the function r{y, 6) in (I5.2()|) always diverges for some particular values of 6 and y, 
which means that the probe always extends inhnitely in the holographic direction. Moreover, 
for some particular values of rii and n 2 there is a minimal value of the coordinate r, which 
depends on the integration constant C. This fact is important when one tries to use these 
D7-brane configurations as flavor branes, since this minimal value of r provides us with an 
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energy scale, which is naturally identihed with the mass of the dynamical quarks added to 
the gauge theory. It is also interesting to obtain the form of the solution written in eqs. 

and (j5.2()|l in terms of the complex variables Zi dehned in (j2.2d|l . After a simple 
calculation one can verify that this solution can be written as a polynomial equation of the 
form: 

Z^ni ^m2 ^ cOUStaut , (5-21) 

where the m^s are constants and m 3 7 ^ 0.^ The relation between the m^s of (15.2111 and the 
rij’s of eqs. and (IH:^ is: 


mi 7712 

rii = — , 712 = — • 

m 3 m 3 

Notice that when 7 x 2 = m 2 = 0 the dependence on (3 disappears and the conhguration is 
reminiscent of its analog in the conifold case ^2] • When 712 0 the D7-brane winds inhnitely 

the '^-circle. 



5.3 Energy bound 

As it happened in the case of D3- and D5-branes, one can verify that any solution of the 
hrst-order equations also solves the equations of motion. We are now going to check 

that there exists a bound for the energy which is saturated by the solutions of the hrst-order 
equations (ini. Indeed, let r{y,6) and 7p{(3,(j)) be arbitrary functions. The hamiltonian 
density = \/—g in this case can be written as: 


n = — sine [r'^ + {1 - cy) 


H^rl + 


A 2 + (1 - cy) 


+ y 


, (5.23) 


where Ay and Aq are the functions displayed in eq. (jEH- Let us rewrite this function as 
Z + S, where Z is given by: 


Z = — sin^ 
6 


2 

reAe + {I - cy) (^H^VyAy 

One can prove that Z is a. total derivative: 

Z = deZ^ + dyZy , 


(5.24) 


(5.25) 


where Z^ and Z^ are: 


4 ^ 
— 
72 L 


Tpij, + (1 CTpi^) COS 9 


4 

zy = ^{1- cy) {y + Tpy) sin 9 . (5.26) 

®It is natural to expect a condition of the form f{zi, Z2, Z3) = 0, where / is a general holomorphic function 
of its arguments. However, in order to be able to solve the problem analytically we started from a restrictive 
ansatz (|S 3 that, not surprisingly, leads to a particular case of the expected answer. 
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Moreover, when Z is given by (|E21, one can demonstrate the bound dHH). Actually, one 
can show that the condition 7Y > \Z\ is equivalent to the inequality: 

{re - keY + {I - cy) {vy - KyY + — {re Ay - ry AeY > 0 , (5.27) 

which is always satished and is saturated precisely when the BPS equations are sat¬ 

ished. Notice also that Z\bps is positive. 


6 Other interesting possibilities 

Let us now look at some other conhgurations of different branes and cycles not considered so 
far. We hrst consider D3-branes extended along one of the Minkowski coordinates and along 
a two-dimensional submanifold of W’'^. These conhgurations represent “fat” strings from 
the point of view of the gauge theory. We verify in subsection lb.II that an embedding of this 
type breaks completely the supersymmetry, although there exist stable non-supersymmetric 
fat strings. In subsection lb.21 we hnd a new conhguration of a D5-brane wrapping a two- 
dimensional submanifold, whereas in subsection lb.31 we add worldvolume hux to the domain 
wall solutions of section |3] In subsection lb.41 we consider the possibility of having D5- 
branes wrapping a three-cycle. We show that such embeddings cannot be supersymmetric, 
even though stable solutions of the equations of motion with these characteristics do exist. 
In subsection lb. 51 we analyze the baryon vertex conhguration (a D5-brane wrapping the 
entire space) and we verify that such embedding breaks supersymmetry completely. In 
subsection Ib.bl we explore the existence of spacetime hlling supersymmetric conhgurations 
of D7-branes by using a set of worldvolume coordinates diherent from those used in section 
El Finally, in subsection o we show that a D7-brane can wrap the whole space and 
preserve some fraction of supersymmetry. 


6.1 D3-branes on a two-submanifold 

Let us take a D3-brane which is extended along one of the spatial directions of the worldvol¬ 
ume of the D3-branes of the background (say x^) and wraps a two-dimensional cycle. The 
worldvolume coordinates we will take are 


= (a;°, 0, (/)) , 

and we will look for embeddings with x‘^, x^, r and "0 constant and with 

y = 2 /(^, 0 ) , Y = Y{d,Y) ■ 

In this case the kappa symmetry matrix acts on e as: 


r.e = 


T 2 ^ 'JOcf) ^ • 




( 6 . 1 ) 


( 6 . 2 ) 


(6.3) 
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The expressions of 7 e and are just those given in eq. (I4.5|l . Moreover, e can be obtained 
by taking the complex conjugate of eq. ( 021 ): 

J2 = [^/ + ^ 15^15 + ^ 35^35 + ^13 ^13 ] <^ , ( 6 - 4 ) 

where the 6 ’s are given in eq. dUZI). Since now the complex conjugation does not act on the 
spinor e, the only possible projection compatible with those of the background is the one 
originated from the term with the unit matrix in the previous expression. Then, we must 
require: 

= ^35 = ^13 = 0 • ( 6 - 5 ) 

The conditions 615 = 0 and 635 = 0 are equivalent and give rise to eqs. ()4.9D and (I4.1()j) . which 
can be integrated as in eq. (14.1811 . Moreover, the condition 613 = 0 leads to the equation: 

-^yg = cote . (6.6) 

The integration of this equation can be straightforwardly performed in terms of the function 
f 2 iy) dehned in eq. ()2.24jl and can be written as: 

— = ksmO , (6.7) 

\/a — 3j/2 + 2cy^ 

with k being a constant of integration, which should be related to the constant m in eq. 
(ITOl) . However, the dependence oi y on 9 written in the last equation does not seem to be 
compatible with the one of eq. (even for c = 0). Thus, we conclude that there is no 

solution for the kappa symmetry condition in this case. 

If we forget about the requirement of supersymmetry it is not difficult to hnd solutions 
of the Euler-Lagrange equations of motion of the D3-brane probe. Indeed, up to irrelevant 
global factors, the lagrangian for the D3-brane considered here is the same as the one cor¬ 
responding to a D5-brane extended along a two-dimensional submanifold of Thus, 

the embeddings written in eq. (j4.1 8jl are stable solutions of the equations of motion of the 
D3-brane which represent a “fat string” from the gauge theory point of view. 


6.2 More D5-branes wrapped on a two-cycle 

Let us consider a D5-brane wrapped on a two-cycle and let us choose the following set of 
worldvolume coordinates: = {x^,x^,x‘^,r,9,y). The embeddings we shall consider have 

x^ and -0 constant and 0 = (f){9, y), [3 = P{9,y). For this case, one has: 


r.e = 




'yOy ^ 


The induced gamma matrices are: 


( 6 . 8 ) 


1 H 


— dg C COS 


Ta + 


cy 


Ta -h sm9(l)gT4 ) + 
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+ (1 - cy) cosOcpe^ Tg , 


^ 'Jy = -+ -^ ( - /3y + ccos9(j)y^ T 2 + \l sm.9(l)yTi + 


L 76 

1 


+ 3 (l//3y + (1 - c?/)cos6'0j/j Ts . (6.9) 

Then, one has 

J2ley e* = (^// + f 15^15 + f35^35 + /l3ri3 j 6* , (6.10) 

where the different coefficients are given by: 

fi = -i(^{l-cy) sm9(f)y - ccos^^e + Pe^ , 

fi5 = ^ (^ype + {I - cy)cos9pe^ + ^‘sJ\h cos 9 (^pype - PePy^ , (6.11) 


/ss = \/ 3 71 - 


yPy + (1 - cy) cos 9py) - iy sm.9 [ Py pe - Pe P: 


^ + Hsm9{Pype - PePy)'^ -i pe - H{Py - ccos9py) 


fi3 = 71 - c|/ 

The BPS conditions in this case are the following: 

fi = fi5 = /ss = 0 . 

From the vanishing of // we get the equation: 

Pe + {1 — cy)sm.9 py — ccos9pe = 0 . 
Moreover, the vanishing of /15 and /ss is equivalent to the equations: 

yPe + (1 - cy) cos 9pe = 0 , 


( 6 . 12 ) 


(6.13) 


yffy + (1 - cy)cos94>y ^ 0 , 


Py<py- Py<py ^ 0 . ( 6 . 14 ) 

Notice that this system of equations is redundant, i.e. the hrst two equations are equivalent 
if one uses the last one. Substituting the value of Pe as given by the first equation in (I6.14j) 
into one can get a partial differential equation which only involves derivatives of p, 

namely: 

cot 6 ^ 061 - y{l-cy)py = 0 . (6.15) 
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By using in (Ifi.l5j) the last equation in ()t).14j) . one gets: 


cot 913e - 2/(1 - cy) Py = 0 . 


(6.16) 


Eqs. fj6.15|) and ()6.16|) can be easily integrated by the method of separation of variables. 
One gets 


0 

/3 


A 


y 


(1 — cy) cos 6 


+ 


a 


A 


1 — a [(1 — cy) cos 6* 


OL—1 


+ / 3 °, 


(6.17) 


where A, a, (j)^ and are constants of integration and we have used eq. (imil to relate the 
integration constants of (j) and /?. However, in order to implement the condition e = e, 
one must require the vanishing of the imaginary part of /13. This only happens if 0 and (3 
are constant, i.e. when H = 0 in the above solution. One can check that this conhguration 
satisfies the equation of motion. 


6.3 D5-branes on a two-submanifold with flux 

We now analyze the effect of adding flux of the worldvolume gauge field F to the conhgura- 
tions of section 4 Notice that we now have a non-zero contribution from the Wess-Zumino 
term of the action, which is of the form: 

Cwz = P[C^^'^]^F . (6.18) 

Let us suppose that we switch on a worldvolume gauge held along the angular directions 
{0,(f)). We will adopt the ansatz: 


Fg^ = qK{9,(j)) , (6.19) 

where g is a constant and K{6, </>) a function to be determined. The relevant components of 
are 

P[C^'^'^]xOx^x'^r = ’ ( 6 . 20 ) 

where h = L^/r^. It is clear from the above expression of Cwz that a nonvanishing value 
of q induces a dependence of on r. In what follows we will assume that = x^(r), i.e. 
that x^ only depends on r. Let us assume that the angular embedding satishes the same 
equations as in the case of zero hux. The Lagrangian density in this case is given by: 

c = \/9eeg<p^ + q^ + qh-^x'K , (6.21) 

® A nice discussion of supersymmetric configurations with nonzero gauge field strengths by means of kappa 
symmetry can be found in Ref. m 
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where gee and are elements of the induced metric, we have denoted simply by x and 
the prime denotes derivative with respect to r. The equation of motion of x is: 


\/geeg4,4> + 

a/i + h~^ {x'y 


h ^ x' + qh 


-1 


K = constant . 


( 6 . 22 ) 


Taking the constant on the right-hand side of the above equation equal to zero, we get the 
following solution for x'\ 

x'{r) = qh^ . (6.23) 

^/geeg4>4> 

Notice that the left-hand side of the above equation depends only on r, whereas the right- 
hand side can depend on the angles {0,(1)). For consistency the dependence of K{9,(1)) and 
y/gdeg 4 ><f> on {9, 0) must be the same. Without lost of generality let us take K{9, 0) to be: 


L K{9^ 0 ) ^g99g<f)<j> 1 


(6.24) 


where the factor has been introduced for convenience. Using this form of K, the differ¬ 
ential equation which determines the dependence of x^ on r becomes: 


x{r) = - 


which can be immediately integrated, namely: 


x(r) = x^ — - 


(6.25) 


(6.26) 


Moreover, the expression of K can be obtained by computing the induced metric along the 
angular directions. It takes the form: 


K{9) = a 


yi - cy 
6H{y) 


+ (1 - c|/)y tan^^ 


cos 9 

y 


(6.27) 


where y = y{9) is the function obtained in section 4 and a = sign^ cos . Actually, 
notice that K only depends on the angle 9 and it is independent of 0. 

We are now going to verify that the conhguration just found is supersymmetric. The 
expression of T^ in this case has an additional term due to the worldvolume gauge field. 
Actually, it is straightforward to check that in the present case 


r«.e = 


^J-det{g + F) 




7r7e0e* - 'Ir Fe. 


(6.28) 


Notice that 7^ is given by: 

L 

Jr = - i'^r + . (6.29) 

r 

For the angular embeddings we are considering it is easy to prove from the results of section 
4 that: 

je^pe^ = -taL^K{9)T,se* . (6.30) 
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(6.31) 


By using this result and the value of (eq. (jti.lUjl h one easily verihes that: 


r.e = 


1 + 


x^x X r 


icrB13 e* + 


q. ■ p 

JJ 2 ^ 


Fue* 


+ ^£ + 


^4 rx 


3 6 


By using the explicit dependence of a: on r (eq. (jti.2tijl h one can write the Killing spinor e 
evaluated on the worldvolume as: 


-lb -- 

e = r 2 


— r ' 

^2 ™‘ 


v+ + 


1 

f 2 




,3 7 ]+ + r ]_ 


1 

r 2 


rxP 


(6.32) 


where the constant spinors ri± are the ones dehned in eq. (jTSni). Remarkably, one hnds that 
the condition r^e = e is verihed if 77+ and ?7_ satisfy the same system as is the case of 

zero flux. 


6.4 D5-branes wrapped on a three-cycle 

We will now try to hnd supersymmetric conhgurations of D5-branes wrapping a three cy¬ 
cle of the space. Let us choose the following set of worldvolume coordinates = 
and consider an embedding with x^ and r constant, 9 = 9{y,P) and 
(j) = ((){y,P). In this case: 


r.,e = 




'lyPtp ^ 


(6.33) 


The value of e* can be obtained by taking the complex conjugate of eq. ()3.29j) . As 
Cl = C3 = 0 when 9^ = cf)^ = 0, we can write: 


— [c^Ls -1- c);35ri35]e* . (6.34) 

The only possible BPS condition compatible with the projections satished by e is C5 = 0, 
which leads to a projection of the type 


ra;0a;la:2ri35 e* — Ac , (6.35) 

where A is a phase. Notice that, however, as the spinor e contains a factor e“2’^, the 
two sides of the above equation depend differently on 7p due to the complex conjugation 
appearing on the left-hand side (A does not depend on -0). Thus, these conhgurations 
cannot be supersymmetric. We could try to use another set of worldvolume coordinates, in 
particular one which does not include Tp. After some calculation one can check that there is 
no consistent solution. 

For the ansatz considered above the lagrangian density of the D5-brane is, up to irrelevant 
factors, the same as the one obtained in subsection o for a D3-brane wrapping a three- 
dimensional submanifold of Therefore any solution of the hrst-order equations (HOI) 
gives rise to an embedding of a D5-brane which solves the equations of motion and saturates 
an energy bound. This last fact implies that the D5-brane conhguration is stable, in spite 
of the fact that it is not supersymmetric. 
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6.5 The baryon vertex 

If a D5-brane wraps the whole space, the flux of the Ramond-Ramond hve form 
that it captures acts as a source for the electric worldvolume gauge held which, in turn, 
gives rise to a bundle of fundamental strings emanating from the D5-brane. This is the basic 
argument of Witten’s construction of the baryon vertex which we will explore in detail 
now. In this case the probe action must include the worldvolume gauge held F in both the 
Born-Infeld and Wess-Zumino terms. It takes the form: 

S = -T 5 [ ^y-det{g + F) + Tg [ A A F^^^ , (6.36) 


where Tg is the tension of the D5-brane and A is the one-form potential for F { F = dA). 
In order to analyze the contribution of the Wess-Zumino term in (I6.36j) let us rewrite the 
expression ()2.15|) of F^^^ as: 

2^4 

= — (1 — cy) sinOdy A d(3 A dO A d(f) A dip -f Hodge dual , (6.37) 

^ I 

where, for simplicity we are taking the string coupling constant Qg equal to one. Let us also 
choose the following set of worldvolume coordinates: 


= {x^,y,P,o,(p,ip) . 


(6.38) 


It is clear from the expressions of in (j6.37j) and of the Wess-Zumino term in (j6.36|l that, 
for consistency, we must turn on the time component of the held A. Actually, we will adopt 
the following ansatz: 

r = r{y) , Aq = Ao{y) . (6.39) 

The action (j6.36|) for such a conhguration can be written as: 





j dx^dy Ceff , 


(6.40) 


where the volume V4 is : 


^4 


6 


da dip d(p dO sin 6 


967r^ ^ , 


(6.41) 


and the ehective lagrangian density £e// is given by: 
^eff = (1 ~ cy) 


-H 




+ 6 (rO^ - 6 (F,o,)2 + 4Ao 


(6.42) 


Notice that, for our ansatz dnisni), the electric held is F^Oy = —dyAo. Let us now introduce 
the displacement held, dehned as: 


D{y)^ 




6(1 - cy)HF^0y 


+ 6 (r')2 — 6 {FxOyY 


(6.43) 
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From the equations of motion of the system it is straightforward to determine D{y). Indeed, 
the variation of S with respect to Aq gives rise to the Gauss’ law: 


^^ = - 4 ( 1 - 0 /), ( 6 . 44 ) 

dy 

which can be immediately integrated, namely: 

2 

Diy) = —4:(^y— j + constant . (6.45) 

By performing a Legendre transform in ()6.4()|1 we can obtain the energy of the conhguration: 


E 


108 


14 


dy 'H , 


(6.46) 


where is given by: 


H = {l-cy)H \j— + 6 {r'Y - 6 {F^OyY + D{y) F^Oy . 

Moreover, the relation dn^BD between D{y) and F^Oy can be inverted, with the result: 

1 


(6.47) 


F 0 = 

x^y 




6 {r'y 


Using the relation (lOHll we can rewrite H as: 


D . 


(6.48) 


n = + {l-cy^H^ y^ + 6 (^ , (6.49) 

where D{y) is the function of the y coordinate displayed in ()6.45j) . The Euler-Lagrange 
equation derived from 7^ is a second-order differential equation for the function r{y). This 
equation is rather involved and we will not attempt to solve it here. In a supersymmetric 
conhguration one expects that there exists a hrst-order differential equation for r{y) whose 
solution also solves the equations of motion. This hrst-order equation has been found in 
ref.jH] for the AdS^ x background. We have not been able to hnd such hrst-order 
equation in this AdS^ x case. A similar negative result was obtained in for the 
AdS^ X background. This result is an indication that this baryon vertex conhguration 
is not supersymmetric. Let us check explicitly this fact by analyzing the kappa symmetry 
condition. The expression of T^ when the worldvolume gauge held is non-zero can be found 
in ref.[TH]. In our case T^e reduces to: 


r.e = 


det{g + F) 


^ 3,0 'yyi39<pili ^ ^ 


(6.50) 
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The two terms on the right-hand side of ()6.5U|) containing the antisymmetrized products of 
gamma matrices can be written as: 






108 


18^6 

By using this result, we can write T^e as: 
iL\l-cy) 


(1 - c?/)sin6' ^Ts - A/Oif ^T^is j e* , 
(1 — cy) sin 6* Tis e . 


(6.51) 


r.e = 


+ F) 


sin 0 


r.-ror5 + ——;= i F^Oii Tis e — r' T-o, 


108 


18^6 V 


x^y 15 * 


15 ^ 


(6.52) 


In order to solve the T^e = e equation we shall impose, as in ref.|13], an extra projection 
such that the contributions of the worldvolume gauge held F^Oy and of r' in (j6.52jl cancel each 
other. This can be achieved by imposing that Ta-Or e* = e and that F^Oy = r'. Notice that 
the condition Ta-o,. e* = e corresponds to having fundamental strings in the radial direction, 
as expected for a baryon vertex conhguration. Moreover, as the spinor e has hxed ten¬ 
dimensional chirality, this extra projection implies that iTa-oTse* = —e which, in turn, is 
needed to satisfy the T^ e = e equation. However, the condition Ta^o,. e* = e is incompatible 
with the conditions and, then, it cannot be imposed on the Killing spinors. Thus, as in 

the analysis of M, we conclude from this incompatibility argument (which is more general 
than the particular ansatz we are adopting here) that the baryon vertex conhguration breaks 
completely the supersymmetry of the AdS^ x background. 


6.6 More spacetime filling D7-branes 


Let us adopt = {x^,x^,x'^,x^,y, P,'ip,r) as our set of worldvolume coordinates for a D7- 
brane probe and let us consider a conhguration with 9 = 0{y,P) and 0 = (j){y,j3). In this 
case: 


T 


K 


4 

I r 

I - T A ^ X^X^X^X 




(6.53) 


Let us take e = e_, where r*e_ = —e_(see eq. (ESI)- As = -^ T^, we can write: 


r 

-jj lyPiir — 

where the coefficients C5 and C135 are exactly those written in eq. ()3.3()j) for the D (doublet) 
three-cycles. The BPS condition is just C135 = 0, which leads to the system of diherential 
equations (ESI- Thus, in this case the D7-brane extends inhnitely in the radial direction 
and wraps a three-dimensional submanifold of the space of the type studied in subsection 
These embeddings preserve four supersymmetries. 


[C5 + C135 T13 ] 


e_ 


(6.54) 
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6.7 D7-branes wrapped on 


Let us take a D7-brane which wraps the entire space and is extended along two spa¬ 
tial directions. The set of worldvolume coordinates we will use in this case are = 
(x°, r, 9, 0, y, [3, 'ip) and we will assume that and are constant. The matrix T^ in this 
case is: 


Acting on a spinor e of the background one can prove that 


(6.55) 


Tk a x^x^r5 ^ 7 (6.56) 

1 i I 

which can be solved by a spinor e_ = r 2 e“2v with r]_ satisfying the additional projection 
r^Oxirsh- = —ir]-. Thus this configuration preserves two supersymmetries. 


7 Summary and Conclusions 

Let us briefly summarize the results of our investigation. Using kappa symmetry as the 
central tool, we have systematically studied supersymmetric embeddings of branes in the 
AdS^ X geometry. Our study focused on three kinds of branes D3, D5 and D7. 

D3-branes: This is the case that we studied most exhaustively. For D3-branes wrapping 
three-cycles in we first reproduced all the results present in the literature. In particular, 
using kappa symmetry, we obtained two kinds of supersymmetric cycles: localized at yi and 
2/2 cni and localized in the round uniini. For these branes we found perfect agreement 
with the field theory results. Moreover, we also found a new class of supersymmetric em¬ 
beddings of D3-branes in this background. They do not correspond to dibaryonic operators 
since the D3-brane does not wrap a three-cycle. The field theory interpretation of these new 
embeddings is not completely clear to us due to various issues with global properties. We 
believe that they might be a good starting point to hnd candidates for representatives of 
the integer part of the third homology group of Y^’^, just like the analogous family of cycles 
found in 0112 ] were representative of the integer part It would be important 

to understand these wrapped D3-branes in terms of algebraic geometry as well as in terms 
of operators in the field theory dual, following the framework of Ref. Cl which, in the case 
of the conifold, emphasizes the use of global homogeneous coordinates. It is worth stressing 
that such global homogeneous coordinates exist in any toric variety gni but the relation to 
the field theory operators is less clear in CY^’^. We analyzed the spectrum of excitations of a 
wrapped D3-brane describing an SU (2)-charged dibaryon and found perfect agreement with 
the field theory expectations. We considered other embeddings and found that a D3-brane 
wrapping a two-cycle in Y^’^ is not a supersymmetric state but, nevertheless, it is stable. In 
the held theory this conhguration describes a fat string. 

D5-branes: The embedding that we paid the most attention to is a D5-brane extended 
along a two-dimensional submanifold in Y^'^ and having codimension one in AdS^. In the 
held theory this is the kind of brane that represents a domain wall across which the rank of 
the gauge groups jumps. Alternatively, when we allow the D5-brane to extend inhnitely in 
the holographic direction, we get a conhguration dual to a defect conformal held theory of 
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the type analyzed in ref. m for the AdS^ x backgronnd. We showed explicitly that snch 
conhgnration preserves fonr snpersymmetries and saturates the expected energy bound. For 
this conhgnration we also considered turning on a worldvolume hux and found that it can be 
done in a supersymmetric way. The hux in the worldvolume of the brane provides a bending 
of the prohle of the wall, analogously to what happens in AdS^ x |1H] and AdS^ x jl2j . 
We showed the consistency of similar embeddings in which the D5-brane wraps a diherent 
two-dimensional submanifold in We also considered D5-branes wrapping three-cycles. 
This conhgnration also looks like a domain wall in the held theory dual but it does not have 
codimension one in AdS^ and, although it cannot be supersymmetric, it is stable. Finally, 
we considered a D5-brane wrapping the whole W’'^, which corresponds to the baryon vertex. 
We verihed that, as in the case of T^’^, it is not a supersymmetric conhgnration. 

D7-branes: With the aim of introducing mesons in the corresponding held theory, we con¬ 
sidered spacetime hlling D7-branes. We explicitly showed that such conhgurations preserve 
four supersymmetries and found the precise embedding in terms of the radial coordinate. We 
found an interpretation of the embedding equation in terms of complex coordinates. We also 
analyzed other spacetime hlling D7-brane embeddings. Finally, we considered a D7-brane 
that wraps and is codimension two in AdS^. This conhgnration looks, from the held 
theory point of view, as a string and preserves two supersymmetries. 

We would like to comment on various approximations made in the paper and point out 
some interesting open problems. We believe that our analysis, though carried out in the 
case of Y^’'^ manifolds, is readily adaptable to other Sasaki-Einstein spaces. In particular, 
the form of the spinor for is essentially the same as in our case, namely where 

"0 is the coordinate on the U{1) hber in the canonical presentation of Sasaki-Einstein spaces 
as a U{1) bundle over a Kahler-Einstein base, and r; is a constant spinor satisfying two 
projections generically written as = —iv and F34?7 = ir]. Note that this structure comes 
from the Kahler base and is universal. 

Part of our analysis of some branes could be made more precise. In particular, it would 
be interesting to understand the new family of supersymmetric embeddings of D3-branes in 
terms of algebraic geometry as well as in terms of operators in the held theory. We did not 
present an analysis of the spectrum of excitations for all of the branes. In particular, we 
would like to understand the excitations of the spacetime hlling D7-branes and the baryon 
vertex better. We hope that understanding the conformal case will provide the basis for 
future analysis of deformed theories including the conhning ones. For example, as shown by 
I2SI and BS], the spacing of mass eigenvalues for the mesons in the conhning case inherits 
properties of the related conformal theory. 

We would like to point out that fully matching the spectrum of wrapped branes with held 
theory states is largely an ongoing problem. In particular, there are various embeddings that 
originate from branes of diherent dimensionality wrapping diherent cycles which should be 
distinguishable from the held theory point of view. It would be interesting to understand to 
what extent the topological data of the space determine the kind of supersymmetric branes 
that are allowed. Let us hnish with a wishful statement. We have found a large spectrum of 
supersymmetric wrapped branes and also non-supersymmetric but stable branes. In analogy 
with the situation for strings in hat space and orbifolds one wonders whether there is a sort 
of holographic K-theory which accounts for all the possible branes in a given background. 
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We hope to return to these issues in the near future. 
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